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Hacios macrep paga: EduxkacHu ajaropurmu 3a JUHAMHUYKe rpadoBe 3aCHO-

BaHU Ha XEII-MHICKCHUPaHUM OJIOKOBIMA cyceacTBa

Pesume: I'pacdoBu mpejicraB/bajy jeJIHY OJI OCHOBHHX CTPYKTypa IOJaTaka y
padyHApCTBY. JEIHOCTABHOCT OBE AIllCTPAKTHE CTPYKType oMoryhaBa BeJUKY W3-
ParkajHOCT U TIOTOJHOCT 32 MOJEJIOBAHE PA3IUUUTUX CUCTEMA, OJ[ PA3IUIUTUX
TUIIOBA MpeXKa W Malla JI0 KOMILJIEKCHUX OJiHoca MeDy objektuma. Mebhyrum, Be-
hI/IHa peaTHUX CUCTEMA ITOJAPa3yMeEBa KOHTUHYHUPaHE ITPOMEHE TOKOM BPEMEHaA, I'/Ie
ce YBOPOBU U T'paHe 4YecTo J0/ajy, YKIamajy min Memajy. OBakBHU CUCTEMU 3a-
XTEBAjy MPOIINPEhe TPAJIUITNOHAIHOT CTATUIKOT IToCMaTpama rpadosa.

Y oBoMm pajy pasmarpa ce mpodsieM edUKacHe 00paje U yIpaB/barba JIUHA-
MUYKUM TpadoBUMa, Ca IU/bEM ITPOHAIAYKEHa e(PUKACHUX PEIeiha 3a MPOodJeMe
KOjU HACTa]y y OBAKBUM ITPOMEHJHBUBUM OKPYKemHMa. [eKHuINTe pajga CTaB/HEHO
je Ha CTPYKTYpYy Xell-uHJEeKCUpaHuX OJoKoBa cycenctBa (enrs. Dynamic Hashed
Blocks — DHB), xoja ycmemno craja 1odpe ocobmne HE30Ba u Xemr-tadena. Jlo-
JIATHO, y PaJly je IpukaszaHa uMmiuieMeHTaruja C++ dudanoreke 3acuoane na DHB
CTPYKTYDPH U Hb€Ha yCIelIHa aJIalTalyja 3a peraBambe PyHIaMEeHTATHIX IPadoB-
CKUX IIPOOJIEMa y TUHAMUYKUM yCJIOBUMA, Kao IITO Cy yTBphUBame MOBE3aHOCTH,
KOHCTPYKIIHja JIMTHAMIYIKOT MUHIMAJTHOT pa3aruibyher cradiia u ojpehuBame Mak-
CUMAaJTHOT yliapuBama. llopes Teopujcke m nMIsieMeHTaIMOHE aHAIN3E, y DAy je
KpO3 pelpe3eHTaTHuBHE IMPUMepe MMOKa3aHO Jla JTUHAMUYKUA T'padOBU HUCY CAMO
AIICTPAKTHYU KOHIIENT, Beh Jia mocTtoju peasHa u cBe Beha morpeda 3a HUXOBOM

IIPUMEHOM, KaKO Yy HayYHUM TaKO U Y WHYCTPUJCKUM OKDPYIKEHUMa.

Kibyune peun: jgunamMudru rpadoBU, CTPYKType I0/aTaka, aJrOPUTMU, XeIll-
WHJIEKCUPAHU OJIOKOBU CYCEJICTBA, IMOBE3AHOCT, MUHUMAJIHO pa3aluibyhe cradJio,

MaKCHUMaJIHO TE€2KMHCKO YIIapUBabe
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I'maBa 1

YBOI

['pacdoBu mpescraBs/bajy jeaHy 0/ OCHOBHHX CTPYKTYPa IOJATaKa y padyHap-
CTBY. J€JIHOCTaBHOCT OBe allCTPAKTHE CTPYKTYpe oMoryhaBa BeJMKY U3payKajHOCT
U TIOTOJTHOCT 3a MOJIEJIOBAIbEe PA3INIUTAX CUCTEMA, O] PA3IUIUTHX TUIIOBA MPEXKA
u mara 7o ogHoca Mmehy oOjekarmma. VY mpakcu ce rpad Hajuemthe mpescraBiba
CTPYKTypama II0J[aTaKa, Kao INTO Cy JIUCTE CYCeJCTBa, MATPHUIIE CYCEJCTBA WU
MHOTU KOoMIpecoBaHu ¢opmarn 3a perke rpadose [27|. 3bop pernpesenrarnuje
3HAYAJHO yTH4Ye Ha e(PUKACHOCT aJropUTaMa, KaKo y TOIVIey BPEMEHCKe, TaKO U
IIPOCTOpHE CJIOKeHOcTH. Behuna cramgapaHux ajropuraMa U CTPYKTypPa 3a paJl
ca rpadoBUMa IMOJA3W O MPETHOCTaBKe Ja je rpad CTaTHUIKHU, OJTHOCHO Ja Ce
CKYII YBOPOBA U I'paHa He Memha TOKOM M3BpIIaBamba ajaropurma. Hacymnpor Tome,
MHOT'U PeaJIHU CUCTEMU II0J/Ipa3yMeBajy IIpOMeHe TOKOM BpPEeMeHA, IJie C€ YBOPOBU
U I'paHe 4YecTo Jojajy, yKJIamajy uin Memajy [14]. OBakBu cucremu 3axreBajy
[IPONIUPEHE JTOCATANTHIX TOTJIe 18 Ha Tpadose.

Pazmorpumo, Ha mpuMep, KOMyHHUKAIIA]Yy V padyHApPCKOj MPE¥XKHU, KOja ce IPH-
posiHo MOzke tpejictasuTu rpadom (cauka 1.1). Pyrepu u Bese uzmehy mux mory
ce T0jaB/bUBATU W HECTATH YCJIEJ[ PA3JIUIUTHX (PaKTOpa Kao IINTO Cy KBApOBH,
OJIpKaBarbe€ WM MpOMeHe y MPeyKHO] Tonojoruju. ako ce cTpyKTypHEe poMeHe
y Mpexu (Jo/1aBarme Win YKIabambe YBOPOBa U IPAHA) MOTY jaBJbATH PEJATUBHO
PETKO, YKOJWKO ce TeXKWHaMa T'paHa MOJIeIy]y AWHAMHWYKE BeJINYNHE, Kao IITO
je TPpEeHyTHHU IIPOITYCHU OIICET Be3€, W BPEJHOCTH TEXKWHA I'PaHA Ce MOTY MEHhaTH
KOHTUHYUPAHO TOKOM BpeMeHa. ¥ TaKBOM MOJENY, OJIp:KaBarbe aXKyPHUX WH-
dopmarnuja o cramy MpeXKe, YKIBYUyjylu onTUMaJsiHe IIyTame PyTUpama U JApyra
peJleBaHTHaA CBOjCTBa, IIPE/ICTaB/ha 3HAYAjaH AJTOPUTAMCKH U3a30B.

Y TakBUM JANHAMHWYIKHM OKDPY2KEIbHUMa, aJII'OPUTMU KOjI/I paje Ha CTaTUIKHUM
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]

Cauka 1.1: Heycmepena Mpexka pyTepa usmehy siBa padyHapa

rpagoBuMa HHUCY JIOBOJbHU, jep HE y3UMAjy y 0O3UP IPOMEHE KOje Ce JIeliaBajy
TOKOM BpeMeHa U MOT'Y JIOBECTH JI0 HeTauyHuUX pe3yJirara. [loHoBHA aHamsza KOM-
IIETHE MPezKe HAKOH CBaKe ITPOMEHE TTOCTaje padyHCKH HEM3BO//bUBA, 300T Uera, cy
HEOIIXO/HU AJITOPUTMHU U CTPYKTYPE Io/IaTaKka KOju ce MOry epuKacHO mpusaroha-
Batu m3Mmenama. OBu npuctynu omoryhaBajy ojp:KaBambe ayKypHUX HHMOpMaImja
0 MpeXu, OP3y peakIiifjy Ha IpoMeHe, Kao U e(UKACHO pellaBaibe 3aJaTaka Kao
mro cy npaheme MpexKe, OTKpUBambe aHOMaJIMja U ONTHMU3AIAja TPOTOKA IOJIa-
Taka y OKPYKEbUMa Ca BUCOKUM CTEIIEHOM JuHaMuke [14].

Y oBoM pajty heMo ce DaBuUTH HaBEJIEHUM U3a30BHMAa, KPO3 aHAJU3Y aJlOpPHU-
TaMa W CTPYKTypa IOJaTaka 3a JuHaMU4YKe rpadoBe, ca MUBEM MPOHATANKEHHA
edpUKaACHUX peIleha 3a MpodJieMe KOju HACTajy Y OBAKBUM IIPOMEHJbUBUM OKPY-
JKEbIMA.

QopmasiHa fAedUHANTja JUHAMAYKOr rpada duhe HaBe/leHA KACHUjE, aJTd WH-
TYUTUBHO, JIMHAMUYKHU T'pad je rpad MpoIrmpeH BpeMEHCKOM JIMMEH3UjOM Y KOjOj
ce Mema merosa cTpykrypa. OBe mpomMeHe MOry OUTHU y3POKOBAHE PA3IUIUTHM
dakTOpuMa, 3aBUCHO OJI KOHKpeTHe mpumene. /Jlunamuyku rpadoBu IpejcTa-
BJbajy IOrojiaH (bopMajl3aM 3a MOJIEJIOBAhE U aHAJIU3Y CUCTEMa KOjU Ce MEHhajy
TOKOM BpeMeHa. Y BohemeM BPEeMEHCKOI aCIeKTa JIOBOJU C€ Y IHUTAe HEe CaMO
Kako e(pUKACHO MPEJCTAaBUTH U MaHUITyJucaTu rpadom, Beh n Kako ojpkaBaTu
nH(OpMAIje O IHeroBoj CTPYKTYPHU U CBOjCTBUMA.

wum oBor paja je ja ce mpukKazke 1moTrpeda 3a JUHAMUYIKAM IpadoBUMa, Kao
7 aJITOPUTMUMA KOju ce e(UKACHO Mpuaarohasajy IMHAMUIKO] CTPYKTYPHU. ¥ TO-
rjaB/by 2 Omhe objallibeHr OCHOBHH IIOjJMOBHM BE€3aHU 3a CTATUYKE U JIUHAMUIKE
rpadoBe, Ka0 U pa3/UuUTA TUIOBU M MOJEIN JUHAMUYKHX rpadosa. VY morsa-
BJbYy 3 Omhe mpeJicTaB/HEHN TTOCTOjehn MMILIEMEHTAITMOHN MOJIEJI U3 JINTEPATYPE,
a CTPYKTypa Xell-UHJIeKCUPAaHuX OJIOKOBa CyceJICTBa Ouhe onmcaHa JeTa/bHUje Ca

nparehom nmriemenTarmjoM. Y noryiasiby 4 duhe omucanu ajaropuT™Mu Koju pajie
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Ha JUHAMHYIKAM TpadoBuMa, ca (GOKycoM Ha uCKopuirhemy MoryhHOCTH Xerr-
WHJEKCUPaHUX OJIOKOBa cyceiacTBa. Ha kpajy, y mnoryiaB/by 5 Omhe mpukaszaHu
MIPAaKTUIHU IIPUMEPU U3 HAyKe M UHIYCTPHUje KOju WIyCTPYjy MOryhHOCT 3a Ipu-

Meny AnHaMUYIKUX rpa(bOBa u aJropuTaMa Hal IbHIMa.



I'maBa 2

CraTnyky m JUHAMUYKN rpadoBH

Kako ducmo morsm mperusnuje ja AeUHANIEMO JUHaAMHYIKE I'padoBe, IPBO
hemo nmatu cramgap/Hy MaTeMaTudky jedununujy rpada, a 3arum hemo ce do-
KyCUpaTH Ha JUHAMUYKEe rpadoBe, HUXOBe KAPAKTEPUCTUKE U PA3JIUKE Y OTHOCY

Ha cTaHapaHe rpadose.

2.1 TI'pad

I'pagp G je ypebenu nap (V, E) xoju ce cacroju of ckyna V dmje esrlemeHTe
Ha3MBAMO 460POSUMA, W CKyIa F 4uuju cy eleMeHTH HMapoBU YBOpoBa u3 V, Koje
HasuBaMo Ipanama rpada [23].

Vkoauko rpanama rpada G I01eMMO yeMepeme TakaB I'pad HA3UBAMO YCMe-
penu Ipag, a 'y CympoTHOM 3a rpad KarxKeMo jia je neycmepen. Heycmepery rpany
n3mehy YBOpOBa u M v O3HAYABAMO IMAPOM {u, v}, JOK yCMepeHy O3HAYaBaMoO Ia-
pom (u,v), Ipu YeMy je u MOYETHH YBOP, & U KPajibl YBOP Te yCMepEeHe I'DaHe.

Ipady G = (V, E) moxemo gopenutu Gysrimjy g : E — R, Koja cBakoj rpanu
NpUIPYKYje peajiaH Opoj KOJU HAa3MBAMO WeHCuHOM jare rpaHe. Ha Taj HaumH
nooujamo weosrcuncku ipap G = (V,E,g). Tpad uuje rpane Hemajy TeRuHy
Ha3UBaMO HewedncuHckum tpagom. Heycmepenu rpadoBu ce mMory mpeacTaBuTH
noMolly yCMepeHHX 3aMEHOM CBaKe HeycMepeHe rpaHe {u,v} ca JBe yCMepeHe
rpate (u,v) u (v,u). Herexxurcku rpadoBu ce MOy mocMaTpaTu Kao TEXKUHCKH
rpadoBH UKje rpaHe UMajy jeJHaKy Texuny (Hajuerthe 1).

VY ciny4dajy HeycmepeHux rpadoBa, KaykKeMo Jia IpaHa Cliaja JIBa IBOpa KOjuMa
je onpebena, a 3a YBOpoBe Te IpaHe KarXKeMo Jia Cy CyCeIHHU. 3a HEYCMEPEHY I'DaHy

{u,v} koja cmaja 4BOpOBe u M ¥ KarXKeMO Jia je WHIMJIEHTHA ca TUM YBOPOBHMA,
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a IBOPOBe U W U HA3WBAMO KpajeBUMa Te paHe. 3a I'PaHe WHIUIECHTHE Ca UCTUM
YBOPOM KaKeMO Jla Cy cyceqHe. ¥ CIydajy ycMepeHuX rpadoBa, 3a yCMepeHy
rpafy (u,v) KaykeMo Jla M3JIa3, OJHOCHO JIa je U3JIa3HO WHIMJEHTHA, U3 YBOpa U

U yJIa37, OJTHOCHO YJIa3HO MHIUJAEHTHA, Y YBOP U U JIa je YBOP U CyCeJl YBOpa U.

IIpumep 1. Ha ciumnum 2.1 je npukasan HeycMepeHU T'pad 9Iuju cy IBOPOBU eJie-
mentu ckyna V = {A, B,C, D, E'}, a rpane enementu ckyna E = {{A, B}, {4, C},
{B,C},{C,D},{C,E},{E, A}}. Ilpumerumo ga pejocses 9BopoBa y mapy Koju
npeJicTaB/ba TpaHy Huje duraH, ma Tako, Ha npumep, {A, B} u {B, A} npencra-

BJbajy HCTY T'DaHy.

\e

Chuka 2.1: Heycmepenu HeTe:KuHCKH rpad

IIpumep 2. VY npumepy 1, ycMeperbe rpana HUje Ha3HAYEHO, &l KO y3MEMO /13
Cy rpaHe yCcMepeHe O/l IPBOI' Ka JIPYTOM YBOPY Y Iapy, TaJa je, Ha IpUMep, rpaHa
(A, B) ycmepena on A ka B. YkoJuko Ou ce cMaTpaso Ja Cy TpaHe HeyCMepeHe,
onjia du rpana (A, B) duna u yemepena on A ka B u on B ka A. Takobe rpady
G moxkemo nofenutn u Gysriyjy g : |E| — R

g: (A,B)—3, (A,C)—2, (B,C)—1, (C,D)—4, (C,E)—5, (E,A)—6

KOja IpaHaMa MPHUJIPYKYje TeXKUHe, dnMe JI00njaMo TexKuHCKH rpad. Ha ciaunm
2.2 mpukasaH je ycMepeHu TexXuHCKEH rpad G’ modujen mu3 rpada G jgomaBamem

dyHKIMje TexuHe ¢, IPpU YeMy Cy IpaHe yCMepeHe O/l IIPBOT Ka JPYrOM YBOPY y

napy.

[lojam cwietiena “wsopa TpencTaB/ba jeIHO OJ OCHOBHHX CBOjCTaBa IBOPOBA Y
rpady. ¥ HeycMmepeHOM rpady, CTeleH YBOpa MpeJICTaB/ba OPOj rpaHa MHITHICHT-
HUX Ca TUM 4YBOpOM. Y ycMmepeHOM rpady pasimkyjy ce yiasuu crereH (Opoj

rpaHa Koje yJia3e y 4BOp) W U3JIa3HU crereH (Opoj IrpaHa Koje u3jiase u3 IBopa).
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Cnuka 2.2: YcMepeHU TEXKUHCKHU Tpad

Pegax ipagp (enrn. sparse graph) je rpad Koju nMa 3HAYAJHO Marbe IpaHa O
MaKCUMaJIHOT Opoja rpaHa Koju om Morao ja mma. Crernujajnu cirydaj peTKux
rpacdoBa cy oHHu rpadOBU Uhju je OPOj Ccycelia CBUX YBOPOBaA y rpady OrpaHuvIeH
HEKOM (MaJioM) KOHCTaHTOM |[27].

Y napeMm TekcTy mnojipadyMeBaheMo ja pajuMO ca yCMEpPEHUM, TEXKUHCKUM,

perkuM rpadoBUMa, OCUM aKO HUje Jpyradrje Ha3HaueHO.

OcHoBHU TIOjMOBU U CBOjcTBa rpadgona

Hlewrva y rpady G = (V, E) je uuz odnuka (vi, €1, Vg, €2, ...,€5 1, V) GUJHI
Cy WIAHOBM HAM3MEHHYHO YBOPOBU M TpaHe TOr Ipada TakBU Ja je I'paHa e;
UHIUJEeHTHA ca uyBopoBuMa v; U V41 (1 <1 < k—1). Kaxkemo na merma mosesyje
4BOpoBe V| 1 Ug. I1lleTma je 3aTBOpeHa aKo BaykKd U; = U, a y CYIPOTHOM je
orBopeHa. Jly:KuHa IIeTbe jeHaKa je Opojy rpaHa Koje caapxku. HedopwmasrHo,
KazKeMo Jla [IeTHa IIPOJIa3h YBOPOBUMA U I'PaHaMa Koje cajapxku [23].

Cwasa y rpady G = (V, E) je merma Koja CBAKOM I'DAHOM IPOJIA3U HA]BUIIE
jesaniyT (IIPOU3BOJHLHUM YBOPOM MOXKE IPONY U BHIIE IIyTa).

ITyw (umu npoct 1yT) y rpady je ImeTmba Koja CBAKUM YBOPOM IIPOJIa3U Haj-
BUIIIE jeJIAHIIYT.

ITIyw y yemepenom tpagy G = (V, E) (umu yemepenu myT) ofpeheH je Huzom
pas3IMIUTUX IBOPOBa (U1, Vo, . ..,V)) TAKBUM ja Baxu (v;,v;41) € F,3a 1 < i <
k—1.

Iukayc (wim 3aTBOpeHa MpOCTa CTa3a) je MyT KO KOTa Ce MOYeTHH W KPajibi
9BOp MOKJanajy (vg = vg), JOK Cy CBH OCTAJU YBOPOBU MeDYCOOHO pa3/InmIuTH.

Jlyxuna 1muKiyca npeJicTaB/ba Opoj rpaHa Koje ra dumHe.
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3a pasymeBarbe 1yI00aHE CTPYKType rpada KJ/bydaH je M0ojaM OBE3aHOCTH.
Heycmepenu rpad je @iosezan ako 3a OMJI0 KOja JIBa EberoOBa IBOPA ITOCTOjU ITYT KOJU
ux cnaja. 3a ycMmepeHe rpadoBe pa3imKyjeMo HojaM jake U06e3aHoctiy (mocToju
ycMmepenu nyT usMmely cBaka jiBa 4Bopa y 0da cMepa) u caade tosezanociu (rpad
HocTaje MOBE3aH KaJla ce YKJIOHE ycMepema ca TpaHa). MaKcuMaJHU [MOBe3aH!
noarpadoBu JaTor rpada Ha3uBajy ce KomUonenie Gose3anoctliu rpada.

IHogipag rpada G = (V, FE) je rpad H = (Vy, Ey) takas ga je Vy C V u
Ey C E, npn yeMy cBaka I'paHa u3 Fy cliaja YBOpPOBE KOjU IPUIAJajy cKymy V.

Cwmabao je oBe3an rpad Koju He caJap:Ku IuKayce. I'pad Koju Hema IUKIyca,
a CaCTOjU Ce OJI BUIIE JUCjYHKTHUX KOMIIOHEHTH OJI KOjUX je CBaKa cTadJIo, Ha3UBa
ce wyma.

Pasaturyhe cmabao (enrmn. spanning tree) rpada G = (V, E) je mweros mos-
rpadp T = (Vr, Er) Koju je crabiso, npu demy Baxu ja je Vp = V. VYKoauKO
je rpacd G HemoBe3aH, Taja ce CKyN pa3anumbyhnx cradasia HBeroBux KOMIIOHEHTH
[OBE3aHOCTHU Ha3WBa pasatutreyha wyma (€HII. spanning forest).

Heka je G = (V, E,g) rexxuncku rpad. Teorcuna wogipaga H = (Vy, Egy)
je cyma TexKWHa CBUX TpaHa Koje My mpumnajajy, omaocno W(H) = >, g(e).
Murumaaro pazaaureyhe cmadbao (omHoCHO mMIymMa) je oHO pasamuibyhe cradmo T
rpacda G uuja je yrynua rexkxuna W (T') muanmasna mehy cBum Mmoryhnm pasaru-
wyhnMm cradbiauma jgaTor rpada.

Vaapusare y ipagy (enrs. matching) M y rpaby G = (V, E) je moackyn
rpana M C FE ca cBOjCTBOM Jia HHUKOje JiBe rpaHe 3 M He Jesie 3ajeITHUYKU
Kpajimu uBop. UBop v € V je yuapen YKOJHMKO je MHIUJAEHTAH Ca HEKOM I'DAHOM
u3 ckyna M, a y CympOTHOM KaxKeMoO Jia je 9IBOp caodogan. YmapuBambe M je
MaKCUMaJIHO YKOJMKO He IMOCTOjU I'paHa Koja ce MoxKe jogaru y M, a na M u
Jlajbe ocTaHe yrapusambe [1].

Y KOHTEKCTY TeXKUHCKUX TpadoBa, MAKCUMAAHO WEHCUHCKO YUaPUuEatbe (eHTJI.
Mazimum Weight Matching) je ono ynapusarme M 4dmja je yKynHa cyMa TeKHHA

I'PaHa MaKCHUMaJIHa .

2.2 JuHamMm4aku rpad

[Ipema crannapauoj gedpununuju rpada, rpad je craTudku 0djeKaT Koju ce He
Mema TOKOM BpeMmeHa. llo Toj jedununuju, ceaka nmpoMeHa y cTpPyKTypu rpada

ou 3HaumMIa J1a ce paju o HoBoM rpady. Tako je ma mpumep rpad G' = (V') E’)
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(cimka 2.3) nodujen ykiamameMm rpare (C,E) uz rpada G = (V, E) pasmmant
rpad ox GG, jep Cy UM CKYIIOBH I'DaHa pa3junduTu. Kako OMCMO OBO IIPEBA3UIILIN,
norpedan HaMm je Mozes kKoja he omoryhuru mpaheme mpomena y rpady TOKOM

BpeMeHa. TakaB MOE/T HA3UBAMO GUHAMUYKU TPap.

(®)

Cimka 2.3: Heycmepen rpad jodujen ykiomamwem rpane (C, E) u3 rpada ca
ciuke 2.1

Bpcre munamMmmuknx rpadoBa

Jnramuake rpadoBe MOXKEMO TO/IETUTH HA OCHOBY IIPOMEHA KOje ce JIelIaBajy
y uMa. 3a rexkurcku rpad G = (V) E, g), eJleMeHTH KOjU Ce MOI'Y MEHATH TOKOM
BpeMeHa Cy: CKyIl YBopoBa V', ckyn rpana F u dyHKIMja g KOja TpaHaMa IpUJIpy-
)Kyje TexkmHe. Ha ocHOBY Tora, MoxKeMO M37BOjuTH cJesehe BpcTe NUHAMIYIKIX
rpadosa [11]:

o Ysop-gunamuvky ipag (enri. vertex-dynamic graph) je rpad 4duju ce cKyn
9BopoBa V' Mema TOKOM BpeMeHa. ¥y OBOM CJIy4a]y, HEKH YBOPOBU MOT'Y OUTH
JIOJATU WM YKJIOWeHn. Kaja ce 94BOp YKJIOHHU, I'paHe KOje Cy WHIIUJIEHTHE

ca THM YBOPOM TakKobhe ce yKIamajy.

o ['pana-gunamuury pad (euri. edge-dynamic graph) je rpad dmju ce cKym
rpana E Mmema TOKOM BpemeHa. Y OBOM CJIy4ajy, 'paHe MOr'y OUTHU JI0JaTe

WIN YKJIOIbeHe u3 rpada.

o Teorcuncku gunamusku pag (erri. weight-dynamic graph) je rpad uuja ce

dyHKIMja g KOja rpaHaMa IPUJIPYKYje TEKUHE MeIba TOKOM BpPEMEHA.

o [lowmuayro gunamuyku pag (eursi. fully dynamic graph) je rpad y kojem

Ce CBE€ O/ HaBEJCHUX IITPOMEHa MOI'Yy J€lllaBaThU TOKOM BPEMEHa, OJHOCHO H
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ckyn uBopoBa V', m ckyn rpana E, nu dyHKIHja g Koja rpaHamMa IpUAPYXKYje

Te2KUHE MOT'y Ce MEhbaThu TOKOM BpEMEHa.

Jpyrn naunna kjaacudukanmje IMHAMIIKIX rpadoBa je Ha OCHOBY HAYMHA HA
Koju ce gemanajy npomene. Ha Taj maymn moxkeMo u3isojutu ciejehe Bpcre

JUMHAMIYKEX rpadosa [4]:

o Unxpementiannu guramusky ipagd je Tpad KO Kojer ce IYBOPOBU MJIM T'PAHE

camo joaajy y rpad G, aaum ce He YKIAmajy.

o Jlexpementiastiu guramusky ipagd je rpad Ko KOjer ce IBOPOBU WU I'DAHE

caMo ykJiamajy u3 rpada G, anum ce He J10/1ajy.

o [lowuyro gunamuuky tpag je rpad Ko KOjer ce YBOPOBU WJIU IPAHE MOTY U

JIOfaBaTU U yKjIamaru u3 rpada G.

o Jlunamuuru ipag y mogeay woka togatiara je rpad Ko Kojer ce CTPYKTypa
Mema TOKOM BpeMeHa IIyTeM HHU3a Y3aCTOIHUX axKypupamwa (eHri. data
stream), Tpu dYeMy ce YBOPOBU U TI'paHe J0Jajy WIA YKJamajy jelaH 1o

jenan, a odpaJia ce BPIIMU CEKBEHIINjATHO.

2.3 MaremaTnuky MoJeJl JUHAMUYKNX rpadoBa

[Tpenuszan Mmojenr auHAMUYKOr rpada onrcaheMo MaTeMaTHIKOM CTPYKTYPOM.
Huuammaku rpad G je ypebhena tpojka (V,E,T), rme je V = {V(t),t € T} Ko-
JIEKIja CKy[oBa YBOPOBa TOKOM BpeMmena, £ = {E(t),t € T } Kojekimja CKynoBa
rpaHa TOKOM BpeMeHa, a 7 BpeMEeHCKM MHTepBaJ. 3a cBaku t € T, meduHu-
memo eepaufy wpaga (eura. snapshot) Gy = (V (t), E(t)), omrocHo crarndaku rpad
KOjU TIPEeJICTaB/ba CTame juHaMudkor rpada G y Tpenytky ¢ [2]. Jlako ce Bumn
Jla OBakKO JiepMHMUCAH JIMHAMUYKE I'pad TOJApKaBa CBe BPCTE JUHAMUYKUX I'Pa-
dboBa Koje cmo panuje HaBesu, jep ce ckym usopoBa V (t) m ckyn rpana FE(t)
MOT'Yy MeIaTH TOKOM Bpemena. OBy edUHUIM]Y MOKEMO IIPOITUPUTH J10aBAHHEM
dbyukumje g, = {g(t),t € T} Koja cBaKOM Cralby AUHAMHYKOL Tpada IPUIpyKyje
byHKIMjy TeKWHE y TPEHYTKY t, 4YuMe JI0O0MjaMO TeXKWHCKU JIUHAMUIKNA Tpad
G=MW,&,09:,T).

Mako MaTeMaTU9IKK TIPEIU3aH, OBaKO JeUHUCAH MOJEJ JIUHAMUYIKOr rpada

HUje yBeK IOTOJIaH 33 PAdYyHCKY M aJropuraMckKy npumeny. Hawmme, y mHOTHIM
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cIyvdajeBUMa, CUCTEMH KOjU €€ MOJIeTYjy AUHAMUYIKAM I'PadoOM MOTYy ce MEHhATH U
HEKOJIMKO IIyTa Y CEKYH/H, IIITO O 3aXTEeBAJIO Ja ce KOMIIJIETHa CTPYKTypa rpada
qyBa U o0Opalyje 3a cBaKM BpPEeMEHCKU TPEHYTaK, ITO je PAIyHCKU HEU3IBOJJHUBO.
YMecTo j1a TaMTHMO KOMILIETHY CTPYKTYPY rpada 3a CBAaKH BPEMEHCKH TPEHYTaK,
MOKEMO ITaMTHUTH HU3 IIPOMEHa KOje Cy ce Jecuie y TOKYy BpeMeHa. TakaB Mojesn

ouhe IpeacTaB/b€H Yy HapeJIHOM IIOIJIaBJbY.

2.4 JuHamMm4iky rpadoBU Y MOJEJJIY TOKA

IoaTaKa

Tox uogatwara (euris. data stream) y ONIITEM CMUCJY MPEJICTAB/ba HU3 JUTHU-
TaJIHO KOJIMPAHUX CUTHAJIA KOjU ce KOPUCTE 3a IpeHoc nHdopMaImja. Y KOHTEKCTY
ajJropuTaMa u oOpajie mojiaTaKka, 0Baj rmojaM ce ancTpaxyje Kao Hu3 eJeMeHaTa Koju
IIPUCTUXKY CEKBEHIIN)AJHO, €JIEMEHT I10 €JIEMEHT.

VYi1a3au Tok

S = <CL1,CL2,...>

omucyje eBOyIujy (PyHKIMje cTama
A:{1,2,...,N} - R.

Hexka je ca A[i] osnaueno crame dyHrnuje A HAKOH 00pajie NMPBUX i eJeMeHaTa
ToKa. Mojesin ce pa3jiuKyjy 110 TOMe KaKO eJIeMEHTHU a; OIHUCYjy ITpomMeHe (pyHK-
mje A [18].

Y panay [18] uznBajajy ce caenehn ocHoBHE MOmem:

e Mogen epemenckux cepuja (eurs. Time Series Model) y kojem je cBaku

eJIEMEHT TOKa JIMPEKTHA BPEIHOCT, OJHOCHO Baxku a; = Alil.

e Mogen xace (enrs. Cash Register Model) y KojeM eJeMeHTH TOKa IPECTa-
BJbajy MO3UTUBHA axKypupama odiauka a; = (j, I;), rue je I; > 0, upu demy
BaXKN

Ailj] = Aiali] + L.

e Mogea oxpeturuye (eurs. Turnstile Model) y KojeM cy J03BO/bEHA U MO3H-
THBHA ¥ HeraTWBHA axKypupamba odimka a; = (j,U;), tme je U; € R, npu

YeMy BaKU

Ailj] = Aia[j] + Ui

10
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OBaj Mojies1 ce TIPUPOHO MPOIIKUPYje Ha JUHAMUYKe rpadoBe, KOju ce MOTY
MIPEJCTAaBUTH Ka0 HU3 aXKypuparba HaJl CTPYKTYPOM TI'pada TOKOM BpEMeEHA.

Monen BpeMeHCKHX cepuja je HajjeITHOCTaBHUjU MOJIE: y HeMy CBaKU eJjle-
MEHT TOKa IPeJICTaB/ba KOMILIETHY CTPYKTYpYy rpada y ojpehenom BpeMeHCKOM
TpeHyTKy. OBaj MOJET je eKBUBAJICHTAH MaTEMATUIKOM MOJIEy HABEICHOM Y
[IPETXOJHOM TIOTJIaBJbY I1a Hehe OUTH MOHOBO pa3MaTpaH.

Mopnen Kace m MOJieJ1 OKPETHUIIE MOTY Ce KOPUCTHUTHU 3a IIPeJICTaBJ/babe JTuHa-
MHUYKHX rpadoBa Ha cjejiehn HauYnH: CBaKM €JIEMEHT TOKa MPEICTaB/ba JI0JaBabe
WIN YKJIamharbe JeJTHOT YBOpa WJIH jejHe TpaHe. ¥y MOJIEy Kace, J03BOJbeHa Cy CaMO
IIO3UTUBHA aXKypHUpamba, IITO 3HAYM JIa Ce YBOPOBHU U I'paHe MOTY CaMO JI0/1aBaTh
y rpad, aau He U yKIamaThu. Y MOJEIY OKPEeTHHUIle, T03BOJbeHA Cy U IMO3UTHBHA
U HeraTWBHA aXKypUparba, IITO 3HAYM Jia C€ YBOPOBH M I'PaHE MOTY U JIO/JaBATH
U yKJamaTu u3 rpada. ¥ HacTaBKy heMo omwmcatu oda Mojesa ca (hOKycoM Ha
M3MeHe T'PaHa, JOK heMo CKyIl YBOpPOBa CMaTpaTH KOHCTAaHTHUM. Vl3MmeHe uBOpoBa
MOT'Y c€ TIOCMaTPaTU Ha UCTH HAYMH KAa0 U U3MEHe I'DAHA.

3a norpede mozena Kace, cmarpahiemo j1a je cBaku ejieMeHT Toka ypehenu nap
(e; = (u,v)) KOju mpeacTaBba JojaBame rpane usmely usoposa u u v. Takas
TOK,

SZ <€1,€2,...,€m>

nebunnie quaavmudku rpad G = (V, E) tae je V ¢dukcan ckym 4BopoBa, a
E =eq,..., e, CKyIl TpaHa KOju ce Mema TOKOM BPEMEHa JI0aBaheM HOBUX I'DaHa
u3 ToKa. Takobhe, eJeMEHTHMA TOKA MOYKEMO JIOJCJIUTH TEeXKUHE, TAKO Ja CBaKU
eseMeHT TOKa OyJie ypeheru map (e;, w(e;)) Koju mpescTaB/ba JI0/IaBakbe IPAHE €;
ca texxunoM w(e;). Ha rTaj maunmu modujamo rexkuHCKu juHamMudku rpad [17].
Ha ciunum 2.4 npukasan je mpuMep KOHCTPYKIIHAjE JTUHAMUYKOT rpada ca 4eTupu
yBopa Jedunucan Tokom nogaraka S = ((1,2), (2, 3),(1,3), (3,4)). 3erernom 6ojom
O3HaveHe Cy TpaHe JI0/laTe Yy TOM BPEMEHCKOM TPEHYTKY, & IPHOM O0jOM O3HAYEHE
cy TpaHe Koje cy Beh duse nmpucyTHe y rpady.

Cauvano Moziesty Kace, MOJIesI OKpeTHHIlE JebUHUIEe TUHAMIIKY Tpad Kao HI3
ypebhenux maposa (e;, d;), rue je e; = (u,v) rpana Koja ce Jojaje WM YKJIAmba
u3 rpada, a d; € {—1,1} o3nagaBa jga au ce rpana gonaje (0; = 1) wim ykiama
(6; = —1). Ha Taj Haunn godujamMo JuHaAMUYKY Ipad KOjU Ce MeHmba TOKOM BpeMeHa
JIOJIaBalbeM U YKJIAmalbheM I'paHa M3 TOKa IMojaTaka JIOK CKYI YBOPOBa OCTaje

dukcaH.

11
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ol NoNo
ORNoNo
Oaem oo
=0 @
=00

Cruka 2.4: Iunamuyaku rpad ca getupu gBopa JedUHUCAH TOKOM TojaTaka S =

((1,2),(2,3),(1,3),(3,4)).

YecTo cucremMu Koju ce MOJENIyjy U IPOOJIEMH KOJjU ce pelraBajy nomohy au-
HaMUYIKUX rpadoBa He Mape 3a MpeTxojHa crama rpada. OuekuBama Cy Jjia ce
o/ipzKaBajy camo wHdOpMaIiije 0 TPEHYTHOM cTamby Ipada, ajim u Ja ¢y Te nHdOop-
Mallje ayKypHe u Jia ce Mory edukacHo oopahusaru. 30or Tora hemo, 3a morpede
UMILIEMEHTAIj€e, Y HAPETHOM TIOTJIaBJbY JIe(DUHUCATUA OCJIad/beHy BEP3Ujy IHHA-
MHUYKOI rpada, koja he mam omoryhuru ga ce poKycupamMo Ha TPEHYTHO CTarbe

rpada u ja edpukacHo odpahyjemo mpomeHe Koje ce JeliaBajy TOKOM BpeMeHa.

12



I'maBa 3

NMniieMeHTAIIMOHU MOJeJI 1

CTPYKTYypa

Nako HaM MaTeMaTWYKH MOJIEJN [1ajy NPEnu3Hy aedUHUNN]Y IUHAMAIKIX
rpacdoBa, OHI HUCY yBEK MOTOJIHU 33 MPaKTUIHY IPUMEHY 300T' CBOj€ CJI0XKEHOCTH.
Haunwme, gecTo ce y nmpakcu odekyje jia 3HaMO TPEHYTHO cTambe rpada, de3 morpede
3a KopalluMa KOjH Cy JI0 TOT cTama JgoBesn. [lopem TpeHyTHOT cTama MOoXKeJbHO je
1 Jia ce OJp:KaBajy ojpebheHa cBojcTBa rpada, 3aBUCHO O IMOoTpeda mpodaemMa. ¥
OBOM TIOTVIaBJ/by Omhe IpPeJICTaB/bEH jeIHOCTABHUJU MOJIEJ JIUHAMUYKUX rpadoBa
KOJH je TIOrojlaH 3a MMILJIEMEHTAI]y, Kao U CTPYKTypa IojaTaka Koja ce KOPUCTHU

y UMILIJIEMEHTAIN]j 1.

3.1 Orpanudyewma dopmMaJIHOT MoaeJia u

II0jeJHOCTABJbE€H MOJIEJI

,ZLI/IpeKTHa IIPUMEHa IIPpEIU3HOI' MaTEMAaTUYIKOI' MOJIEJIa Yy IIPpaKTUIHUM CHUCTe-
MHMa MMa 3Ha4dajHa orpaHmyema. lIpe cBera, oBaj Mojes1 mogpasyMeBa dyBarbe
KOMIIJIETHOT CTarba rpada 3a CBaKU BPEMEHCKHU TPEHYTAaK, INTO JOBO/H JI0 BEJIUKE
npocTopHe cioxkeroctH, koja je pega O(|T|- (|V|+ |E|)). Iopex Tora, y oacycrBy
eKCIUTUITUTHUX THGPOPMAIja 0 aXKypHupambiMa, rpeias n3Mely y3acToHuX cTamba
3axTeBa ropeherbe KOMIJIETHUX CTPYKTYPa WJIM TIOHOBHO M3padyHaBahe CBOjCTaBA
rpada, MmTo je paIyHCKU HeeUKaCHO.

Jlajbe, oBaKaB MOJIENI HUje y CKJIaJly ca HAYMHOM Ha KOJU Ce MPOMEHE jaB/hajy

y PeaJIHIM CUCTEMUMA, T/Ie Ce OHe II0jaBJbyjy Kao II0je/IMHAYHa ayKypHupama, a He

13
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Kao KOMILIeTHe Bep3uje rpada. 30or Tora Moe n KOju He MOJap:KaBajy eduka-
CHY 00paJly a)Kypuparma W WHKPEMEHTAJHO OJ/IpXKaBarme CBojcTaBa rpada mmajy
OrpaHUYeHy NPaKTU4IHy npumeny [13].

N3 cBux HaBeIEHUX pa3jora, y MIPAKTUIHUM ITPUMEHAMa, Ce€ KOPUCTE ITI0jeIHO-
CTaBJLEHU MOJIE/TN KOju ce (pOKycupajy Ha OJip2KaBaibe TPEHYTHOr cTarma rpada u
MOJIPIIKY e(DUKACHUM aXKyPUPABLUMA.

Y mactaBKy ce pa3Marpa jejlaH TakKaB MOJEN, y KOjeM ce JIWHAMUYKU rpad
IOCMATpa WMCKJ/BYIMBO KPO3 CBOjé TPEHYTHO CTambe, 0€3 eKCIUIUIUTHOT YTyBarba
UCTOpHUje MPOMEHA. 3a IberoBYy MMILIEMEHTAIN]Y KOPUCTH Ce CTPYKTYpa Io/iaTaka
rew-ungexcupanur daokosa cycegewiea (eurst. Dynamic Hashed Blocks - DHDB)
[27]. TIpe mero mro gerasuo obpamumo DHB crpykrypy, duhe mpemncrasbeno
HEKOJIMKO JIPYTUX IM0jeTHOCTaB/HEHUX MO/IE/Ia KOjUi C€ KOPUCTE y JTUTEPATypH, Kao

u pasyosu 3a u3zdop DHB crpykType y 0BOj nmMIiemenTaiuju.

3.2 IlocTojehm mojemHoCTaB/b€HU MOJIEJIN

Crangap/IHI MOJIe/IN 33, MIPEJICTaB/bakbe TpadoBa YKIbYIy]y JIUCTE CyCe/ICTBa I
Marpuiie cycejicrsa. MehyTum, oBU MOJIe/ T HUCY TIOTOHU 3a JUHAMUYKE rpadose
300r Hee(pUKACHUX aKypHUparmba CTPYKTypPe.

Y KOHTEKCTY IMHAMUYKUX rpadoBa, pa3MaTpajy ce JiBa OCHOBHa Iujba. [IpBu
/b je TIOCTU3Aahe BUCOKE OP3UHE ayKypUparba y3 MUHUMAJIHY MOTPOIIBY MEMO-
puje. pyru mub je yOp3aBame ajropuraMa KOjU Ce U3BPINaBajy HaJl rpadom
pajii aHaJIM3€e IHEeroBe CTPYKType u cBojctaBa. Behuna mocrojehux mpucryna ¢o-
KyCHpa ce IMPEeBACXOJIHO Ha IPBU IUJb, 3aHeMapyjyhm eduKacHOCT ajaropurama
[27].

Y aurepaTypu Cy IpeJjIozKeHe Pas3ImInuTe CTPYKTYpe MogaTaKa ca 00/b0M eu-

KaCcHOIIINyY 3a paJjl ca JUHAMUYKUAM rpadoBrMa, Kao IITO CY:

o Komupecosanu petwiku pegosu (eura. Compressed Sparse Row (CSR)) - kom-
HAaKTHA PerpeseHTalmja ca npocropom cioxkenontiy O(|V|+|E|). Iloroxna

3a craTudke rpadoBe, ajid HEMOTO/IHA 3a YecTa axkKypupama [28, 13].

e STINGER (Spatio-Temporal Interaction Networks and Graphs Extensible
Representation) - quHamMudka CTPYKTypa 3aCHOBaHA Ha OJIOKOBHMA TIOBE3a-

HUM y JINCTE, Ca MOJPIIKOM 3a IapaJieHo um3BpmraBame. Omoryhasa edu-

14
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KacHa akypupama U aHaJnu3y BeJIMKUX rpadoBa, ajii je CJI0XKEeHHUja 3a UM-

wremeHTanyujy [9].

o Xew ungexcupanu dnokosu cycegeusa (eurs. Dynamic Hashed Blocks (DHB))
- DJIOKOBCKa CTPYKTYypa Ca Xelll WHJEKCOM KOju oMoryhasa Op3 HMPUCTYI Cy-
cequma. Ilpencrapiba Komupomuc u3Mely epUKaCHOCTH azKypupama U CJIo-

JKEHOCTH UMILIeMenTanyje [27].

Nako cBaka oy HaBeJieHUX CTPYKTypa uMma cBoje mpemuoctu, CSR wuje mo-
rojlaH 3a JuHaMHU4YKe rpadoBe 300r ckynux axypupama, 10k STINGER, mako
BeoMa edWKacaH, YBOAN 3HAYAJHY HMMILIEMEHTAIMOHY cjoxkeHocT. CTpykrypa
TEW-UNGEKCUPAHUT OA0KOBG CYcegcili6a TIPEJICTaB/ba KOMIIPOMUC n3Mel)y oBa j1Ba
npucTyna, 3ajpxasajyhu j100pe nepdopmance y3 3HATHO jeJHOCTABHU]Y UMILIE-

MeHTaIjy, 300r 4era je n3adpaHa 3a Jajby aHAJU3y U peasiiu3allujy.

3.3 DHB crpykTrypa

Crpykrypa nojaraka rew-uhgexcuparux onokosa cycegecmsa (DHB) je 3acHO-
BaHa Ha OJIOKOBMMA MEMOpPHj€e Ca JIOJATHUM XeIlll HHJIEKCOM 3a yOp3arbe IMPUCTYIIa
cycequMa U IPOBEPY IOCTOjamba rpana. llako ce ocjama Ha jeJIHOCTABHE MeXa-
HU3Me yIpaB/balba MEMOPHUjOM, €KCIIEPUMEHTAJHU Pe3YJITaTh MOKa3yjy Jla MOXKe
rnoctuhu rmepgopMaHce yIopeanBe ca CABPEMEHUM CTPYKTypaMa 3a PaJl ca JIuHa-
MHYKEM rpadosuma [27].

DHB je quzajaupan Taxo Jia cy onepalifje Koje cy oJ 3Hadaja 3a paJi ca JTUHa-

muakuM rpadosumMa edukacue. OBe onepanuje yrbyayjy [27]:

e Ocnosre onepanuje - DHB naje crammapaun uarepdejc 3a paj ca rpado-
BUMa KOjU TMOJIpIKaBa cjejehe omeparyje: J01aBakbe U YKIAHhamhe TBOPOBaA
U I'paHa, IIPOMEHY TeXKUHa I'PaHa, IPOBEPY IOCTOjarba I'PaHa U UTEPAIjy

KpO3 cyceJe.

e [IpousBosban pacmopes cycesa - oapeheHn aJrOpuTMU 3aXTEBAjy J1a CyCeIn
Oyxny pacmnopebenn Ha ojpeheHn HaYMH KakO OM pPaJIMIM UCIPABHO (HIP.

asroputam Suitor!). Kako 6u oo &uio omorylieno, cTpykTypa mnojaraka

ISuitor je moxjrernHn ajropuTaM 3a aNpPOKCHMAIM]Y MAKCHMAJHOT YIIAPUBAMHa KOjU TOKOM M3-
BpIIaBama KOpUCTU ypehen odmazak cycema. la du ce 00e30e/11/10 JETEPMUHUCTHIKO TTOHAIIAHE
y Cay4ajy jeIHAKUX TeXKWHA, YBOIU Ce MOTIYHO ypeheme rpaHa WHIMIEHTHUX UCTOM YBOPY: AKO
Cy IpaHe u, v ¥ U, w WCTe TEeXHUHEe U v < W, oHJa Baxu w(u,v) < w(u,w) [1].
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He Om Tpedasio ja Hamehe dukcHu pacnopen cyceqna. DHB zaxsasbyjyhu
CBOM JM3ajHy oMoryhaBa Mmpou3BOJbHO mpeypehuBame cycea, MITO ra 9UHI

[IOTOJTHAM 33 aJITOPUTME KOjU 3aXTeBajy CHeruduIan peiocyae]] CyceIa.

e [lonprka 3a KOHKYPEHTHO U3BpIIaBaibe - MHOTH aJITOPUTMH 3a PaJl ca JUHa-
MHIYKIM I'padoBIMa MOIpa3yMeBajy HapajeslHy 00paJIy cyce/la pa3InduTuX
uBopoBa. DHB oBo omoryhasa koputiihemeM 110je uHATHIX XeIll WHIEKCA 34,

CBAaKU YBOP YMMe ce OMOryhaBa KOHKYPEHTHO U3BPIIABAILE.

e Hacymuuan npucTyn - MHOTH aJITOPUTMHU OYEKYjy Jla MOTY HPUCTYIUTH i-
toMm (i € [0,deg(u))) cycemay uBopa u y KOHCTAHTHOM BPEMEHY, Ha IIPHMEp
KaJla ce mpuctyna Hacymmdnom cyceay. DHB mojprkaBa oBaj 3axTeB Tako
IITO CyceJie YyBa CEKBEHIIN)jaIHO Y HU3Y, IIITO OMOTI'yhaBa JUPEKTAaH UHIEKCHI

IIPUCTYII.

DHB je muzajuupan Tako ja CBaKW 4YBOP y Trpady caJpKu OJO0K y KOME Cy
yIUICaHU HeroBu cyceau. CBaku OJIOK CaIPKU HU3 CyCe/la KAO M Xelll UHJIEKC KOju
omoryhasa Op3y mpoBepy mocTojama u no3uiujy cycega. OBaj qusaju omoryhasa
jeTHOCTaBHO yIPABJ/bAhe U aXKypUPAIbe CYCe/ICTBA, Kao U e(DUKACHO UTEPUPAIHE

Kpo3 cycene. [Ipenusnuje, cBaku 4Bop caapxku ciaeneha nospa [27]:

e deg(u) - TPEHYTHH CTeleH YBOPa U, OJIHOCHO OPOj HErOBUX CYCE/IA.

e (3(u) - mosuTuBaH 1e0 OpOj KOjU HPEJCTaB/ba TPEHYTHY BEJIMYUHY OJIOKA

cycejia IBOpa U.

e Hus cycena N(u) - HEU3 KOju caJp:Ku cyceqe dBopa u, rje npsux deg(u)

MIO3UIHja CaAPKU TPEHYTHE cyce/e, a OCTaTaK je Impa3aH.

o Xem wmnymexkc H(u) - crpykrypa Koja omoryhasa Op3y HmpoBepy IOCTOjamba

cycena 9BOpa U.

Kako ou ce onakinaao ofp:kaBarbe Xelll HHIeKca, BeJuanHa bioka cycena [5(u)
je yBek creren jiBojke. OBo omoryhasa eukacHO ypaB/bambe OJIOKOBUMA U OP30
n3padyHaBambe MO3UIKje cycesla y Hu3y. Takobhe, yBeK je rapaHTOBaHO Jia je
deg(u) < B(u). 3dor Tora je y Hu3y cycema npsux deg(u) mosunuja yBek 3ay-
3€T0, JIOK Cy IIpeocTaJie MO3uIlKje IIpa3He U CIIpeMHe 3a HOBE cycejie KOju he dutu

nonartu y oyayhuaocru [27].
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Konauno, rpad je npeacraB/beH Kao HU3 XeII-UHJIEKCUPAHUX OJIOKOBA CyCe]I-
CTBa, TJ/le je cBakM OJIOK Be3aH 3a ojpehenm uBop. Ha caunm 3.1 je npukazana

crpyKTypa nojataka DHB.

0 1 2 3 4 5 6 7=50)—-1

deg(0) = 3 N0, (0, ) 5 0.3‘ 8 ‘ -1 ‘ 1 ’742’ ’ ‘ ‘ ‘ ‘ ‘ ’
g B(0) =8 ’\\
E ] H(0)
.______,___-) 0 ‘ 0 ‘ L ‘ 2 ‘ 1 ‘ 0 ‘ L ‘ O
0 1 2 3 1 5 6 7=8(0)—1
deg(1) = 4
eg(1) . . N

oo
-

5(1):4_&) u u 8.1

= §<§<

H(1) ‘

Vertex 1

3=p4(1)—1

Cawuka 3.1: Crpykrypa Xerm-uniekcupanux oiaokosa cycegacrsa (DHB) [27]

NmmniemenTanyja O10Ka cyceJicTBa y jeauky C++ MpecTaB/beHa je Ha JUCTHHTY
3.1. UBop je npejcraBibeH KiaacoM Vertex, Koja CaJapKu M0/ba 38 UACHTU(DUKATOD
YBOPA, CTEIEH, BEJIMUNHY OJIOKA Cycejia, HU3 cycelia u xer uHjekc. Kiraca rakobhe
CaJpKU METOJle 3a yIpaBJbalbe CyCce/IMMa, Kao IITO Cy JI0JaBarbe, YKJIahabhe U
IIpOMeHa TeKUHA I'PaHa, Ka0 U METOJIe 3a UTEePAIHjy KPO3 Cyce/e.

Metone AddNeighbor, RemoveNeighbor m ChangeWeight omoryhasajy moma-
Bambe, YKJIamhalhe U U3MEHY TexKuHa rpaHa. l[Ipuamkom jgonaBama cyceiga, HOBU
€JIEMEHT Ce YIINCYje Ha IPBY CJIOOOIHY IMO3UIIN]Y Y HA3Y CYCe/ia, JOK Ce XeIll NHJIEKC
aXKypupa Tako Jia OMOTryhn KOHCTAHTHO BpeMe MPHUCTyIIa, Takohe cycean ce Mory
JIONABATU Y3 OJPKABaIbe COPTUPAHOCTHU II0 TEXKUHU IpaHe. YKJ/Amame cycea
MOYKE Ce peasin30BaTU y JIBa peKMMa: 0e3 OdyBarmba pPelocjesa, Kaja ce eJIEeMEeHT
3aMerbyje MOCIebIM ejleMeHToM y Hudy (mro omoryhasa cioxenoct O(1)), u
ca OodyBameM DeJlocsiesia, Kaja Ce BPIIN IOMeparbe ejemMeHara (IITO JOBOIU JI0
cioxkenoctu O(deg(u))).

Metone IsNeighbor u GetWeight KopucTe Xelr WHJIEKC 3a e(pUKACHY IIPOBEPY
[IOCTOjarba Cycesia ¥ W MPUCTYIl TEXKWHU rpaHe m3meDy u U v, ca OYEKHBAHOM
BpemenckoM cyioxkenomhy O(1). Wreparuja Kpo3 cyceje peain30BaHa je MPEKO
Merojsia NeighbourIterator u NeighbourEndIterator, koju omoryhasajy JumHe-

apHU 1poJia3 Kpo3 npBux deg(u) eslemeHaTa HU3A.
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I'VTIABA 3. UMIIJIEMEHTAIIMMOHHU MOJIEJI U CTPYKTYPA

Nurtepne metosie FindSlot, FindInsertSlot u HashToSlot peaJsin3yjy OCHOBHE
omeparje HaJ| Xell WHJIEKCOM, YKJby4yjyhu m3padyHaBarbe IModeTHE MO3UINje U
JINHEAPHO WUCIUTHUBa€ CJIOTOBA MPUJIMKOM pelllaBarma Kosusuja (eHri. linear
probing). Merone RebuildHashIndex u GrowAndRehash ciyzke 3a OJIpXKaBambe
KOH3UCTEHTHOCTH W KOHTPOJIY (PaKTOpa IOIMYyHEHOCTH, IPU YeMy Ce€ y CIydajy
noTpede BPIIU IPOITUPUBaH-E OJIOKA U IIOHOBHO XeIlUparbe eJieMeHaTa

Honatne meroze, kao mTo cy SortEdges m RemapNeighborIdsAfterVertex
Removal, omoryhaajy crenmudutdne TpanchopMmaliije HaJl BEKTOPOM Cycesa, Iph
JeMy je HAKOH OBUX Ollepallilja HEOIIXOJHO IIOHOBO U3TPAJIUTH XeIll UHIEKC

Heras/pHa anaan3a u OIUC MeXaHM3aMa Xelll UHJIeKca, YKIby4dyjyhu crparerujy

pasperaBama KOJIN3Wja U YIIPaB/batbe CIOTOBUMA, /1aTa je Y HapeTHO] TOACEKITN] 1.

JIuctunr 3.1: Unrepdejc knace Vertex

class Vertex {
private:
VertexID id;
int degree;
int beta;
std: :vector<Neighbor> neighbors;

std: :vector<HashEntry> hashes;

int FindSlot(VertexID neighbor_id) const;

int FindInsertSlot(VertexID neighbor_id, bool& already_present) const;
int HashToSlot(VertexID neighbor_id) const;

void RebuildHashIndex();

void GrowAndRehash();

public:
Vertex() = delete;
explicit Vertex(VertexID id);

VertexID Id() const;
int Degree() const;

int Beta() const;

void AddNeighbor (VertexID neighbor_id, Weight weight = 1, bool
keep_sorted_by_weight = false);
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I'VTIABA 3. UMIIJIEMEHTAIIMMOHHU MOJIEJI U CTPYKTYPA

void ChangeWeight (VertexID neighbor_id, Weight new_weight);
void RemoveNeighbor (VertexID neighbor_id, bool preserve_order =
false);

bool IsNeighbor(VertexID neighbor_id) const;

Weight GetWeight (VertexID neighbor_id) const;

std: :vector<Neighbor>: :const_iterator NeighbourIterator() const;

std: :vector<Neighbor>: :const_iterator NeighbourEndIterator() const;

void SortEdges();
void SetId(VertexID new_id);

void RemapNeighborIdsAfterVerteXRemoval(VertexID removed_vertex_id);

I'pad je npencrasiben Kiacom Graph, Koja cajpKu HU3 YBOpoBa y rpady u
BUX0oB 0poj. Kitaca mpyka meToze 3a ynpas/balbe YBOPOBHMa M I'DaHaMa, Kao
IIITO CY JI0JjaBame U yKJIamame IBOPOBa, J0JaBame U YKIabhambe I'paHa, IPOMeHa
TeXKUHA I'paHa, IPOBepa MOCTOjalba I'PpaHa u urepaiuja Kpos cycese. Cse merojie
oBor nHTepdeEjca MPeCTaB/bajy cCaMO OMOTad OKO MeToja Kiace Vertex ca mosu-
BUMa 3a KOHKpeTaH 4Bop. WuTepdejc kitace Graph mpejicTaB/beH je Ha JIUCTUHTY
3.2.

Jluctunr 3.2: Unrepdejc kmace Graph

class Graph {
public:
explicit Graph(bool edges_sorted_by_weight = false)
: vertex_count(0), edges_sorted_by_weight(edges_sorted_by_weight)
{3

int VertexCount() const;
VertexID AddVertex();

void RemoveVertex(VertexID vertex_id);

void AddEdge(VertexID vertex_idl, VertexID vertex_id2, Weight weight
void RemoveEdge(VertexID vertex_idl, VertexID vertex_id2);

Weight GetEdgeWeight(VertexID vertex_idl, VertexID vertex_id2) const;
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I'VTIABA 3. UMIIJIEMEHTAIIMMOHHU MOJIEJI U CTPYKTYPA

void UpdateEdgeWeight (VertexID vertex_idl, VertexID vertex_id2,
Weight new_weight);

bool AreNeighbors(VertexID vertex_idl, VertexID vertex_id2) const;
std: :vector<Vertex>::const_iterator VertexIterator() const;

std: :vector<Vertex>::const_iterator VertexEndIterator() const;

std: :vector<Neighbor>: :const_iterator NeighbourIterator(VertexID
vertex_id) const;

std: :vector<Neighbor>: :const_iterator NeighbourEndIterator (VertexID

vertex_id) const;

private:
int vertex_count = O;
std: :vector<Vertex> vertices;

bool edges_sorted_by_weight = false;

Xer mHIEKC

Xerr nHJIeKC TIpeJicTaB/ba Kibyunn Mexanusam DHB cTtpykrype koju omoryhasa
eduKacHy MPOBEPY IOCTOjarba CyCce/a W HPUCTYI HBUXOBUM IO3UIMjaMa y HUA3Y
cycema. 3a cBaku 4Bop u jedwunncan je xem waiekc H(u) xoju campxu [(u)
eJleMeHaTa U Peajin30BaH je Kao Xell Tadesa ca OTBOPEHUM ajpecupaibem® [27].

3a pa3jmKy 0/1 KJIACUIHUX Xell Tadesia, Xell UHEKC He CKJIAIUIITH JTUPEKTHO
nozjaTke o cycenuma, Beh nuzgekce y ausy cyceza N (u). CBaku CJIOT y XeIl HHJEKCY

MOKe OUTH y jeJIHOM OJi Tpu cramba [27):
e EMPTY - cjioT HUKa/Ia HUje OHO 3ay3eT,
e OCCUPIED - cjioT caipKu Baxkehu mHJIEKC y HU3Y cycea,

e DELETED - cJIOT je paHuje OHO 3ay3€T, ajli je eJleMeHT YKJIOmeH (T3B. tombstone).

2Xem Tabena ca OTBOPEHHM aJIpecHpameM je CTPYKTypa y KOjoj ce CBU eJeMEeHTH CMeIITajy
JIUPEKTHO Y HU3 (DUKCHE BeJINIUHE, & KOJIM31je Ce PellaBajy UCINTUBAIEM JIDYTUX [TO3UIUja YHYTAD
UCTOr HKU3a (HIIP. JIMHEAPHUM UCIUTHBAEM). [5]

20



I'VTIABA 3. UMIIJIEMEHTAIIMMOHHU MOJIEJI U CTPYKTYPA

Yrosuko je H(u)[j] y cramy OCCUPIED, OHsa Taj €J€MEHT CaJpXKU UHJEKC i
takaB na Baxku N (u)[i] = v, rae je v cycen uBopa u. Baxku na je i € [0, deg(u)),
qume ce 0be3dehyje konsucrenTHOCT M3Mel)y xenr unjekca u Huza cycena [27].

Ha mouerky cy cBu efleMeHTH Xelll MHEKca MocTaB/benn y crambe EMPTY. Ilpu-
JIMKOM JI0JIaBaiba CyceJia, ojroBapajyhu cjaor ce o3nadaBa kao 0CCUPIED u y mera
ce ymucyje mujekc HoBor cycena y uuzy N(u). Ilpumamkom ykiamama cycena,
CJIOT Ce He Mpa3HU y TMOTIYyHOCTHU, Beh ce mocraB/ba y crame DELETED, yume ce
oMoryhasa UCIPaBHO (DYHKITMOHUCAHHE JIMHEAPHOT UCITUTUBAIHA, [27].

3a onpehuBame moYeTHe MO3UINje KopucTu ce xern ¢yukmuja h : V — N:
Jj = h(v) mod B(u)
Kako je f(u) crenen mBojke, oBa oneparmja ce y UMILJIEMEHTAIIUjU U3BPINABa Kao:

J=h(v) & (B(u) —1)

VY caydajy Konusuje NpuMerbyje ce JITHEAPHO NCIUTHBAE:

j=0+1)&(Bw)-1)

Omaj mocTymak ce MoHaB/ba CBe JIOK ce He mpoHabe oarosapajyhu cior [27].
[Iperpara cycema v momohy Xelr MHJEKCa YBOPA U BPIIH Ce TAKO ITO ce Kpehe
oz, uaunmjasae nosuiyje j = h(v) mod B(u) u HACTAB/bA JIMHEADHUM HUCIIUTUBA-

BEM:
e ako je H(u)[j] = EMPTY, nperpara ce 3aBpIiaBa U v HHje CyCe],
e ako je H(u)[j] = OCCUPIED u N (u)[H (u)[j]] = v, cycex je nponabesn,
® y CYIPOTHOM, HACTaBJ/ba C€ UCIIUTUBAIbE HAPEITHOT CJIOTA.

[TpuimkoMm ymerara HOBOI Cycejla v HajIpe ce BPIMU IpeTpara MOMONy Xern
WHJIEKCa IIPUMEHOM JIMHEAPHOT UCITUTUBaa KAKO OU ce IIPOBEPUJIO Ja JIU Cycel Beh
roctoju. ToKOM OBOT mporieca maMTH ce IPBU cJ0T y crarby DELETED. YKOJIMKO
ce nauhe Ha cjotr y cramy EMPTY, ymMmerarse ce BPIIM y Taj CJAOT WU Yy PaHHje
nponahenn DELETED cior. Ha oBaj HaumH ce n3deraBajy JAyILIMKATH U OMOT'yhaBa
edbUKaCHO TIOHOBHO Kopuriheme ciiorosa [27].

[Ipunukom dOpucama cycesia, oaroBapajyhm cjaoT y Xell MHIEKCY ce O3HavIaBa
ka0 DELETED. OBo je HEOIX0/IHO KaKO OU ce O4YyBaJja UCIPABHOCT CEKBEHITU JIMHE-
apHOT UCIMTHUBAaIba, jep OU MOCTaB/baibe CJIoTa y ctambe EMPTY MOIJIO NpeKuHyTH

nperpary 3a eJleMeHTHMa KOju Cy YMEeTHYTH KaCHHje Y UCTOj ceKBeHIH [27].
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Tokom Bpemena moxke qohu j1o akymysaruje DELETED cjoToBa, IITO HETATUBHO
yrude Ha nepdopmMance. 300r TOra e MepUOJAUYIHO BPIINA PEKOHCTPYKIIAjA XeIIl
ungiekca (rehashing), npu demy ce csu Baxkehu cyceau uBopa u U3HOBa ydaIlyjy y
npasny xemr Tadeay. Osa omeparmja uma cioxkenoct O(deg(u)), amm ce jemasa
PETKO 1 He yTHYe Ha aMOPTH30BaHy CJIOKEHOCT OCHOBHUX oreparnuja [27).

Y KOHKPETHO] UMILIEMEHTAII]U, XeIll HHJIEKC j€ IIPEJICTaB/beH HU30M CTPYKTyPa

HashEntry, rie cBaku eJIeMeHT CaIprKu:
® UHJICKC Y HU3Y Ccycena,
e crame ciora (HashValue).

CrpykTypa 1 eHyMepalija IpuKa3anu cy Ha Juctuary 3.3. Bpemuoctu EMPTY
u DELETED pea/in3oBaHe Cy Kao CIlelijaJlHe HeraTuBHEe BpeJHOCTH, T0K 0CCUPIED
o3HadaBa Basugan yHoc. OBa pernpesentaiuja omoryhasa jeHocTaBHY U eduKa-

CHY IIPOBEPY CTama CJI0Ta TOKOM M3BPIaBaiba OIePallf]ja.

JIuctunr 3.3: EjnemenTn xemr wHaekca

enum HashValue {
OCCUPIED = O,
EMPTY = -1,
DELETED = -2
};

struct HashEntry {
unsigned index;

HashValue hash_value;

HashEntry() : index(-1), hash_value(EMPTY) {}
HashEntry(unsigned index, HashValue hash_value) : index(index),
hash_value(hash_value) {}

s

3.4 Omnepanuje u CJI0O>KEHOCTH

Kako je rpad mpencraB/beH Kao HHU3 XeII-MHJIEKCHPAHUX OJIOKOBA CYCEJICTBA,

cBe orepaiuje Ha 1 rpadoM ce CBOJE Ha olepaliije HaJl 0jeIMHaYHUM OJIOKOBUMA.
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NuTepdejc kitace Graph mpejcraB/ba jeTHOCTABAH OMOTAY KOJU JeJIeTupa MO3UBE
onrosapajyhum merogama kjace Vertex. 300r Tora BpEeMEHCKE CJIOKEHOCTH OIle-
panuja Ha rpadoM AUPEKTHO 3aBUCE O] CJIOKEHOCTH Olepallija HaJl OJJOKOBUMA
CyceCcTBa.

OcHoBHe omepaliyje U IUXOBE BPEMEHCKe CI0XKeHocTH ¢y [27]:

e Jlogasare weopa ce uzspmasa y spemeny O(1), jep mojapasymeBa WHUIIMja-

J'II/IBaIH/ij HOBOI' OJIOK& CyceICTBa IIPpa3HUM HHU30M M XE€IIl MHIEKCOM.

o Viaararve weopa uma cioxenoct O(deg(u)), rae je u 4BOp Koju ce yKJIamba,
jep je moTpebHO YKJIOHUTHU CBe T'paHe WHIHJICHTHE Ca UM U a)KypHpaTu
nHdopMaIje 0 CycenMa THX IBOPOBa. Y HAJTOPEM CJIy4ajy, Kaja je IBOP

[OBE3aH Ca CBUM OCTAJIUM YBOpoBuMa, cioxkenoct uznocu O(|V]).

e Jlogasare tpare (u,v) uma amopruzoBany ciaoxernoct O(1). IIpeo ce myrem
Xell WHJEKCA IMPOBepaBa Jla JIM Ce YBOP ¥ Beh jaB/ba Kao Cyces 4BOpa U.
YKOIMKO TO HHUje CiIydaj, eJleMeHT ce jojaje Ha nosuryjy deg(u) y HuU3Y
N(u), HaKOH dYera ce axkKypupa CTeIleH YBOPa U U Xelll UHIEKC. YKOJHKO je
HOTPEDHO OUyBATH PEJIOCsIe]] cycena (HIOp. COPTUPAHO pacrylie Mo TeKUHU
rpaHe) Taja ce CJIOXKEHOCT OBe OIepallije Mea, MOTPEDHO je M3BPIIUTH

HOMeparbe eJleMeHarTa, mTo j1oBoau 1o ciaoxkenoctn O(deg(u)).

o Viaamaree tpane (u,v) ce u3Bpinasa y amopruzosanoM Bpemeny O(1) yko-
JIMKO HHEje HOTPeOHO OYyBATH PeAOC]e]] Cycela, TaKO MITO Ce €JEeMEHT IIpO-
HAJIA3M y Xelll MHIEKCY U 3aMelbyje IMOCJICIHLIM eJIeMEHTOM Y HU3Y U 3aTUM
yKJIama. YKOJUKO je IOTPEOHO OU9yBaTh PEIOCIe]] Cyceaa, MOIa3u 10 MOMe-

pama esieMenara, mro je caoxkenoctu O(deg(u)).

o [Ipomena weotcune tpane (u,v) U3BpIIABA CE Y aMOPTH30BAHOM BDEMEHY
O(1), jep ce nosunuja cyceja MPOHAJIA3M IIPEKO XeIll HHJEKCA, HAKOH Jera ce

BPEJIHOCT JUPEKTHO axKypupa.

e [Iposepa uwoctojarea tpare (u,v) W3BpIIABa Ce y aMOPTHU30BAHOM BPEMEHY

O(1) xopumhemeM Xeln HHIEKCA.

o Hwepayuja xpos cycege usopa u mma cioxkenoct O(deg(u)), jep ce Bpun
JMHeapHU 1poJia3 Kpo3 npsux deg(u) enemenara nusza N (u), de3 mpucryma

X€Ill MHAEKCY.
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e [Ipomenra pegocaega cycega (HUp. copruparbe) Bpiu ce HaJ Hu3oM N (u).
CroxKeHOCT OBe omepallije 3aBUCH OJ KOHKpeTHe TpaHcdopMalyje Koja ce
npumersyje (Hnp. O(deg(u)logdeg(u)) y cayuajy coprupama). Hakon ms-
MeHe peJioc/iesia HeOIIXO/HO jeé MOHOBO M3IPaJUTH Xell WHJEKC, IITO je OIle-
parja caoxkenoctu O(deg(u)). YKymHa ciiokeHoCT je crora onpehena cio-
JKeHOINy mpuMer-eHe orepanuje yBehaHoM 3a TpOIIaK peKOHCTPYKIM]e Xl

UHIEKCA.
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I'maBa 4

AaropurMmm

AsrropurMmu 3a paj ca IMHAMHYIKIM rpahoBuMa UMajy 3a Miu/b e(PUKacHO OJIp-
JKaBame nHdopMalja oJi 3Ha4aja y rpadoBUMa drja ce CTPYKTYpPa MeHmha TOKOM
BpeMeHa. 3a Pas3jimKy OJI aJropuTaMa HaJl CTATUIKUM rpadoBUMa, aJTOPUTMU
KOju paJjie HaJl JUHAMUYKIM rpadOBOBIMA U€CTO, TIOPE]T caMe aJrOPUTAMCKE ITPO-
I1leJ/lype, 3aXTeBajy U yIoTpedy CIelujaJn30BaHuX CTPYKTypa I0JIaTaka KOoje OMO-
ryhaBajy eduracHO aykKypupame n OfprKaBambe WHpOpMaIiija. 300r TOra Cy OBa-
KBU aJITOPUTMH TI0 TIPABWIY CJIOXKEHHUJU W KOHIENTYAJHO APYTaduju y OJHOCY Ha
KJIACUYHE aJIFOPUTMe HaJl CTATUYKUM rpadoBuMa Koju ce Hajuerthe cpehy y Jin-
TepaTypH.

Y oBOM TIOrJIaBJ/bY pa3MaTpajy ce IpodJieMu ojprKaBakka mHMOpMAaIija O To-
BE3aHOCTU YBOPOBA, OJpPKaBalba MUHUMAJIHOT pa3anuibyher cradiia u ynapubamba
y guHamMudkuM Trpadosuma. OBU mpodeMH UMajy 3HAYAJHY YJIOTY Y TEOPHjU
rpacdoBa u OpojHe NMPUMEHE y Pa3JIUIUTUM 00JIAaCTUMA, YKJbY4dyjyhu padyHapcke
MpexKe, JIpyIITBeHe Mpexke u duomndopmartuky. I[Ipumene oBux asnropurama he

ONTH NIpUKa3aHe y TOIJIABJbY D.

4.1 JJduHaMu4kKa noBe3aHOCT

OnpxaBame nHdOpMaIrje O TOBE3AHOCTH IBOPOBA je/IaH je 0/ HAjIpOy YaBAHU-
jux mpodJiema y odJractu JuHaAMUIKUX rpadosa. OCHOBHU YIUT KOjU je MOTPEOHO
edukacHo peasun3oBaTu je isConnected(u, V), KOju mpoBepaBa Jia JIM IOCTOjU
myT u3Mel)y 4BopoBa u u vy HeycMepeHoM rpady G. ¥V jmTeparypu ce MOry Ipo-
nahu edukacHe cTpyKType IojlaTaka Koje omoryhasajy ojpKaBarbe nadopMaluja

0 TIOBE3AHOCTH Y JUHAMUYKHNM rpadoBumMa, Kao mro cy Link-Cut Tree, Fuler Tour
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Tree u Top Tree [14, 12]. OBe crpykType mojaraka omoryhasajy Beoma edbuKacHO
o/ipzKaBarbe nHMOPMAIIja O MOBE3aHOCTHA Y JUHAMUIKIM TrpadOBUMa, AU CY IO
[IPABUJIY CJIOYKEHE 33 MMILJIEMEHTAIN]y U CIIeINjaJIM30BaHe 33 OBY I'PYILy YIUTA U
omeparja HaJi rpadom.

Y oBoMm morsiaBsby Omhe nipescrasbeno mpormmpene DHB crpykType nogaraka
Koje omoryhaa ojip:kaBame nH(MOPMAIIja O [IOBE3aHOCTH Y MHKPEMEHTATHUM Hey-
CMEpEeHNM JUHAMIIKUM TpadoBuma. OBO MPOIUPEHE 3aCHOBAHO je Ha CTPYKTYPHU
JINCJYHKTHUX TOJCKYNoOBa (eHrJI. union-find) n omoryhasa eduKacHO ojprKaBarbe
nHdOpMAIIja 0 KOMIIOHEHTaMa, TIOBE3aHOCTH y JUHAMUYKAM TrpadOBUMA.

VYuur isConnected(u, v) ce, 3axBa/byjyhu epUKaCHOCTU JTUCjJYHKTHUX IO
CKYTIOBa, U3BPINIaBa Y aMOPTU30BAHOM KOHCTAHTHOM BpeMeHy Oe3 moTpede 3a 00u-
sackoMm rpada. /[lojlaBame YBOpOBa MMa KOHCTAHTHY CJIOXKEHOCT jep JIUPEKTHO
kopuctu DHB, 1ok je momaBame rpana ciaoxenocru O(log|V|) 3bor morpede 3a
cnajameM KoMIoHeHTH noesanoctu. OBo mpomupeme DHB crpykType momaraka
IIpeJ/ICTaB/ha e(PUKACHO PEIehe 3a OJprKaBame MHMOPMAIUja O MMOBE3AHOCTU Y

MHKPEMEHTAJIHUM HEYCMEPCHUM JUHAMWIKNUM I‘pa(I)OBI/IMa.

NMmmnuiemeHTanuja

Knaca DynamicConnectivityIncremental mpejicraB/ha OCHOBHU HHTep(de]jC
3a OJIpyKaBarbe nH(MOPMAIje O TTOBE3AHOCTH Y JTUHAMUYKOM rpady y MHKPEMEH-
TaJiHOM crieHapujy. Tomosioruja rpada u Te:KuHe IpaHa MOJIENIYjy Ce CTPYKTYPOM
DHB, nok ce umndopmaruje 0 KOMIOHEHTaMa ITOBE3aHOCTH YyBajy y HOMONHO]
CTPYKTYPHU JUCjYHKTHUX TofcKymnoBa. Wurepdejc xmace DynamicConnectivity
Incremental nmpukasaH je Ha JucTuHTy 4.1.

OcHoBHa wmeja WMILJIEMEHTAIlAje je Ja Ce CBakKa KOMIIOHEHTa IOBE3aHOCTH
rpada mpeJicTaBu Kao jeJlaH JIUCjJYHKTAH MOJCKYII, TpU 4eMy ce orepaiuje find u
union KopucTe 3a ofpehuBaIbe MpeICTABHNKA KOMIIOHEHTE IIOBE3aHOCTU U CIIajarbe
JIBejy KOMIIOHEHTH HAKOH J0/ilaBamba rpane. Komipecuja nyrame y ¢pyaknuju find
(Koja peKyp3UBHO IIpeBe3yje YBOPOBE JIMPEKTHO 32 KOPEH CTadJia), Kao U Clajarhe
Ha OCHOBY PaHra y OKBUPY MeToje union, 0de30eDhyjy roToBO KOHCTAHTHY aMOp-
THU30BAHY CJIO?KEHOCT II0 OTEPAIfju, ITO je K/BYYHO 33 CKAJAOUIHOCT CTPYKTYpe
y auHAMUYIKOM OKpyzkemy. [Ipmrom, DHB cTpykTypa remepuine cekBeHImjagHe
njieHTuUKATOPEe IBOPOBA TOYEB OJ1 HyJie, ITO omMoryhaBa JUPEKTHO WHJIEKCH-

pame Kpo3 BEKTOPe POJUTE/ha U PAHTOBA.
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I'JTABA 4. AJI'OPUTMH

O iprkaBaibe rpaHa UMIIEMEHTUPAHO je y Mertogama AddEdge, GetEdgeWeight
u UpdateEdgeWeight, rjie ce oneparuje Ha i Te;KMHaMa CBO/Jle Ha MaTUYHe ollepa-
nuje DHB crpykType, y3 10/1aTHO 1TO3UBamke METO/I€ Union MPUINKOM yMETHamha
HOBE I'paHe.

Metom IsConnected KOPUCTHU Ce 3a UCIHUTUBAHE TTOBE3AHOCTU JIBA]Y YBOPOBA
TAKO IITO TPOBEpaBa Ja JIN OHU IPUIIAJIA]Jy UCTOM JIUCjYHKTHOM IIOJICKYITY (OIHO-
CHO Jla JIM UMajy WCTOT INPEJCTABHUKA). YKOJMKO JIBAa YBOPA MPUIAJA]Y UCTOM
JIUCJYHKTHOM IIOJICKYILy MMIIJIEMEHTaIlja HaM rapaHTyje Jla ce OHU HaJla3e y HC-
TOj KOMIIOHEHTH ToBe3aHocTu. Kako je ped o HeycmepeHOM Tpady, OBaj MPUCTYII

rapanTyje KOpeKTHOCT pellerba.

JIuctunr 4.1: Nnrepdejc kirace DynamicConnectivityIncremental

class DynamicConnectivityIncremental {
private:

dg: :Graph graph;

std: :vector<int> parent;

std: :vector<int> rank;

int find(int x);

void union_(int a, int b);

public:

DynamicConnectivityIncremental() = default;

int VertexCount() const;
dg: :VertexID AddVertex();

void AddEdge(dg::VertexID vertex_idl, dg::VertexID vertex_id2,
dg::Weight weight = 1);

dg: :Weight GetEdgeWeight(dg: :VertexID vertex_idl, dg::VertexID
vertex_id2) const;

void UpdateEdgeWeight (dg: :VertexID vertex_idl, dg::VertexID
vertex_id2, dg::Weight new_weight);

bool IsConnected(dg::VertexID vertex_idl, dg::VertexID vertex_id2);
s
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4.2 JImHAMUYKO MHHHUMAJIHO pasanumyhe

cTadJ1i0

[Ipobiem onpehuBama MUHUMAJIHOT pas3alldibyher cradjia jejiaH je o1 pyH1a-
MEHTAJIHUX IIPodjieMa Teopuje rpadoBa. ¥ KOHTEKCTY JUHAMUYIKUX IpadoBa, OBaj
IpodJIeM ce TpaHcdOpMuUIiie y mpodaeM e(puKacHOT OJpKaBarba MITHUMAJIHOT pa3a-
nubyher cradjia, 0OJJHOCHO MUHUMAJIHE pasaluibyhe myme. JInHaMUYKH TPUCTYII
pelaBarmy OBOI' IIpOdJIeMa je 3HATHO KOMILIEKCHUjU oJi ctaTudkor. Jlerepmunu-
CTUYKH aJropuTaM Koju cy pa3Buin XoJm, je JImxrendepr m Topyn mocruzke
amoprm30BaHO Bpeme axxypupama ox O(log [V]) [14].

Nnak, 3a morpede oBor pajia pa3BUjeH je HEIITO jeJHOCTABHUJU AJTOPUTAM
sacHoBaH Ha Kpyckanosom aaropurmy!. OcHoBHa meja je Ja ce HAKOH CBaKe
U3MeHe y JUHAMUYKOM rpady MUHHMAJHA pa3aluibyha IyMa padyHa HU3HOBA.
Kimyuna y oBoj uieju je moryhHOCT ojip2KaBarba COPTUPAHOT PEIOCJIe/Ia IBOPOBaA
y 0JI0Ky cycena koje Ham jaje crpykrypa DHB. Croxkenocr axkypupama y 0BOM
cayuajy msnocu O((|V|+ |E])log|V]). Nnak kpy4uHa uneja oBie je nmpecTaBuTH

moryhuoct DHB cTpykType /1a ojipkaBa cOpTUpaHU MOPEIAK Cycea.

NMmnnemenTanmuja

NymiemerTanja MTHKPEMEHTATHOT IMTHAMIYIKOT aJITOPUTMA 38 OJIprKaBahe MU-
HUMAaJIHE pa3aliibyhe Iryme mpejicTaB/beHa je KiaacoM DynamicMSTIncremental.
[lomamu o rpanama 1ryMe, CTPYKTYPH JIMCJYHKTHUX CKYIIOBa HEOIIXOJHO] 3a ITPO-
Bepy IMKJIyca, Kao W jaBHE MeToJle 3a MaHuIyJarujy rpadom jgeduHUCAHU CY
yHyTtap oBe kKjace. Ha jumcrunry 4.2 npukazan je KoMILieTaH mHTepdejc Kjace

DynamicMSTIncremental.

Jluctunr 4.2: Nnrepdejc kirace DynamicMSTIncremental

class DynamicMSTIncremental {
private:
struct Edge {
dg::VertexID u;

'Kpyckamos anroputam je moxsennu (greedy) ajroputaM KOji TPOHATA3H MHHHMATHO pPasa-
nmuisyhe cradmo 3a nmosesan TexkuHCKkE rpad (Wi mymy 3a HemosesaH rpad). Asropuram paju
TaKO IIITO HAJIIpe COPTHUPA CBe TpaHe rpada 10 TeKUHA y pacTyheM HOPETKY, a 3aTHM CYKIECUBHO
Jlo/iaje TpaHy 110 IpaHy y Pe3yJITaT, [0/l YCJIOBOM Ja HOBOJOJATA I'PaHa He 3aTBapa IUKJIyc ca Beh
n3abpanuM rpanama [15].
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I'JTABA 4. AJI'OPUTMH

dg::VertexID v;
dg::Weight w;
s
dg: :Graph graph;

std: :vector<Edge> mst_edges;

std: :vector<int> parent;

std: :vector<int> rank;

dg::Weight mst_weight = 0;

int find(int x);

bool union_(int a, int b);

void rebuildMST();

public:
DynamicMSTIncremental() : graph(true), mst_weight(0) {}

int VertexCount() const;

dg: :VertexID AddVertex();

void AddEdge(dg: :VertexID vertex_idl,
dg::VertexID vertex_id2,
dg: :Weight weight = 1);

dg: :Weight GetEdgeWeight(dg: :VertexID vertex_idi,
dg: :VertexID vertex_id2) const;

void UpdateEdgeWeight(dg: :VertexID vertex_idl,
dg::VertexID vertex_id2,
dg::Weight new_weight);

bool IsInMST(dg::VertexID vertex_idl,
dg: :VertexID vertex_id2) const;
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dg::Weight GetMSTWeight() const;
s

Kipyunu kopak ojip:kaBamba MUHUMAJHOT pasaluibyher cradiia JieKu y IMpu-
BaTHO] MeTo/u rebuildMST (), Koja ce MO3UBa HAKOH CBAKOT JIOJaBatha HOBE T'PaHe
wim Mojudukanyje nocrojehnx rexxuna. ¥Ymecro Kiaacudaaor Kpyckasosor ajro-
puUTMa Koju OM MPUKYINO CBe rpaHe rpada y jes1an BEKTOP U U3BPIITAO KOMILJIETHO
coprupame y Bpemeny O(|F|log|E|), oBue ce npumemyje eUKACHUJU IPUCTYII
cnajama Beh coprupannx HuzoBa y3 momoli MuH-xmna (std::priority_queue)
qume podujamo cioxkernoct O(|V|log |V|) mro je y onmrem ciyvajy acMMOTOTCKE
edukacHuje.

[Ipunukom mokperama merose rebuildMST(), 3a cBaku uBop rpada ce Jo-
XBaTa IMMOYETHU W KPajibl UTEPATOP KPO3 Heros 00K cycema. llomro cy oBm
cycequ 3axBasbyjyhu DHB cTtpykTypu Beh coprupanu mo TeXXWHH, Yy MUH-XHII C€
MHUIMjaJIHO ydallyje caMo 10 mpBa (Hajakilna) rpaHa 3a CBAKH YBOP. Y CBAKOM
KOpaKy ajropuTMa, Ca BpXa XHIa Ce y3UMa I'DaHa HajMambe TeyKWHe, BPIIU Cce
IIpOBepa U Cllajarme KOMIIOHEHTH KPO3 JIMCJYHKTHE IIOJCKYIIOBE, & 3aTUM Ce y XUII
npociehyje ciesneha rpana Tor HCTOr YBOpa MPEKO HeroBor ureparopa. OBuM 1o-
CTYIIKOM Ce IOCTHKE Jla BEJIMYNHA XUIA Y CBAKOM TPEHYTKY Oy/e orpaHuveHa Ha
HajBUIIE N eJleMeHaTa, IITO 3HAYajHO ONTUMHU3Yje mepdopMaHce Ha TYCTUM I'Da-
doBuMa U esMMUHUIIE JI0/IaTHE AJIOKAIIAje MeMOpHje Ha XUIly. Y CBAKOM KODPaKy
aJITOPUTMa BeJIMYMHA OJIOKOBA Ha XUILy C€ CMalbyje IIITO HAaM TapaHTyje 3aycTa-
BJbambe.

Metom IsInMST 3a jaTa jgBa YBOpa IPOBEpaBa Jia Ju ce IpaHa m3mely mux
Hajasu y cradiy. Meron GetMSTWeight jaje yKynHy TeXKUHY MUHUMAJHOT pal3a-

nuibyher cradJia.

4.3 /JdunHaMUYIKO MaKCUMAJIHO TE€>KMHCKO

ynapuBame - Cyutrop ajropuramMm

MaxkcumaiiHo TexkuHCKO ynapubatbe (enrit. Maximum Weighted Matching) je
yuapuatbe M C E y rexxuuckom rpady G = (V, F) Koje nMa MakCHUMaJIHYy Te-
)KuHy Tpasa [1]. ¥V repMmuHuMa quHaMIYIKuX rpadoBa 0Baj MpodIeM mocMaTpamo

Kao HpOSJIeM OJipzKaBalbha MaKCHUMaJIHOT TE2KMHCKOI' yIIapuBalba Yy AUHAMHUYIKOM
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rpady. ako mocroje ersakTHU aJrOpUTMU JIMHEAPHE CJIOKEHOCTH 38 pellaBaibe
oBOr mpobieMa, y oBOM pajy obpasauhemo amropuram Cyurop (enru. — Suitor)
KOjU M3padyHaBa MAKCHMAJHO TEXKUHCKO YIApUBAIbLe Ca KOMDUIMJEHTOM AllpOK-
cumarje 1/2, oHOCHO s1aje rapaHIujy Ja fie pe3ysrar beroBor u3BpliaBaba SUTH
najsuire 3a 50% Mambu 011 CTBAPHOI MAKCUMAJIHOT TE2KMHCKOT yIIapUBamba. Passor
3a U300p OBOI' AJITOPUTMA je Taj IITO Ce OBaj aJaropuTaM OCJIambha Ha COPTUPAHOCT
rpana cycegnux cakoM uBopy. Crpykrypa DHB moxke omaprkaBatu oBO CBOjCTBO
IITO HAM Jiaje MOTYNHOCT Jia TO JUPEKTHO KOPUCTUMO y AJITOPUTMY.

Cratuuku CyuTop ajropuram OcCJiamba Ce Ha TO Ja Cy CyCe/I CBAKOT YBOPA
U COPTHUpAHU IpeMa TeXKWHU I'paHe U,V KOja MoBe3yje U ca JATUM CyCeJIOM v, Y
onanajyhem pemocieny. Heka je w dynknumja Texxune rpana. Axo {u,v} ¢ E win
ako je pedepenna usopa v Hysa, cmarpahemo na je w(u,v) = 0. Kako du moran
Jla TAPAHTYj€MO KOPEKTHOCT U3BPIIaBarba aJrOpUTMa, YBOAUMO ciaeiehn Toraanu
HOpeJIaK TPaHa WHIMJIEHTHUX MCTOM YBOPY wu: ako {u,x} m {u,y} wumajy wmcry
TeXXuHy TpaHe u r < y, ouga w(u,z) < w(u,y). TokoM u3BpIIABaEka AITOPUTMA,
3a cBaku 4Bop u € V asropuram Cyurop dysa jse pedepenre: p(u) u suitor(u),
3a BpeMe M3BpIlaBamba aaropurMa. Kaja je u3BpliaBaib-e 3aBpIIEHO, Tala BaXKK

p(u) = arg m]\zfx(x){w(u, v):x € N(v), takBo jma p(x) = v A w(z,v) > w(u,v)}.
veN(u

Hpyrum peunma, p(u) je cycem v 4Bopa u Takas Ja je w(u,v) MAKCUMAJHO U He
nocroju usop = € N(v) rme je p(zr) = v ca ynapuBameMm {x,v} Koje JOMHUHHDA
HaJ| ynapuBameM {u,v}. Ako He mocroju takas v, Tajga je p(u) = null, ogHOCHO
Heymnapen. OdpHyTo, suitor(v) ayBa BpeIHOCT YBOPa U (AKO TAKAB YBOP MOCTOjN)
KOju 1yBa pedepeHily Ha v: suitor(u) = v ako u camo ako je p(v) = u [1].

Nako nocroje nanpeane mogudukanuje Cynrop ajgropurma Koje oMmoryhasajy
edukacHuje onprKaBame ylapuBamba HAKOH U3MeHa rpada, HbUXOBa UMILIEMEHTa-
I¥ja m3Ja3u U3 OKBUpa oBor paja. Mieja kojy hemo oBse kopuctutu je na DHB
CTPYKTyPa OJpXKH CyCeJle CBAKOI YBOpa COPTHUPaAHE II0 TEXKUHH, a Ja Ce HAKOH
cBaKe m3MeHe Jo1aTHO npuMenn cratudku Cyurop ajropuram Ha 1eo rpad. lo-
JIATHA CJIO’KEHOCT CBAKOI Kopaka y oBoM ciydajy je O(|V]) mro je croxkenoct

cratuakor Cyutop ajaropurma.

NMmmniiemeHTanuja

MMHHeMeHTaHI/Ija aJITOPUTMa 3a OAp2KaBalbe MaKCHUMaJIHOI' TE2KMHCKOI' YIIa-

puBama 3a0KpyKeHa je KiaacoMm SuitorMatching. Oma ciy:ku Kao JpajBep Koju
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enkarncysupa DHB rpad n momohue crpykType mojaraka HeoImxoHe 3a e(puKacHo
IIpOHAaJIazKeIbe MTapTHEpa y ynapuBamby. Komiuteran naTepdejc Kirace mpuKa3aH je
Ha JucTuHry 4.3.

Cp:x n3padyHaBamba ylapuBamba HAJA3M ce y IPUBATHO] MeTou rebuildMatching (),
KOja ce M3BpINIaBa M3HOBA HAKOH CBaKe CTPYKTypHe Mmoaundukamnumje rpada. A
roputamM KOpHUCTU jBa mpareha BeKTOpa: suitor, KOju 3a CBAKM YBOD O€JIeKU
TpeHyTHOT ,pocuona’ (umm —1 ykosmko je cinobojan), u suitor_weight, koju
qyBa TEXKWHY TPEHYTHE MTOHY/IE.

[Iporiec je moaTHO ONITUMU30BAH UMILIEMEHTAIINjOM TTOMONHOT BEKTOpa active_vertices,
KOju (PYHKITMOHUIIIE KA0 CTEK 38 UyBalbe TPEHYTHO aKTUBHUX YBOPOBA KOjU HEMA]Y
ImapTHepa, a joIll yBeK IIOCeyjy MOTEHInjaJTHe cycejie 3a Impoiremke. Ha modeTky
U3BPIIIEHa METOJIe, CBU YBOPOBH Tr'pada ce MPOIJIAIaBajy aKTUBHUM U CMEIITA]y
ce Ha CTeK.

Asropuram kopuctu moryhaocr DHB crpykType momaraka ma Jucty cycema
YBOpa OJpykKaBa copTupaHy 1o rTexxmau rpane. C ob3mpom Ha TO 1a je rpad
VHUIUjAJN30BAH TAKO JIa OJIp:KaBa cycelie y pacTyheM HOpeTKy IO TEeXKWHU, Haj-
Sosbu cycen (oHaj ca HajBehOM TEXKMHOM TI'paHe) ce MPUPOJIHO HAJa3U HA CAMOM
Kpajy Osioka cycema. 30or Tora ce y meroau rebuildMatching() xopucre nre-
paropu 3a Kperame yHa3aj std: :reverse_iterator. IIpucrymom ureparopy na
Kpajy OJIOKa CyceJICTBa aJIrOPUTAM Yy KOHCTAHTHOM BpPEMEHY IPHUCTYIIA CyCely ca
TPEHYTHO HajBehOM TEeXKUHOM, IITO eJTUMUHUIIE MOTPedy 3a eKCIIUIUTHUM IIpe-
TPAKMBAHEM WJIM HAKHATHUM COPTUPAEHEM.

YuyTap riaBHe MeT/be, aKTUBHU YBOP IaJbe IMOHY/Y CBOM HAjOO/bEM Cyceiry.
VYKomKO je TeykKnHa Te NMOHYJe Beha o1 oHe KOjy cycen Beh mMa 3adesiekeHy y
BEKTOPYy suitor_weight, cycen mpuxBata HOBY noHyIy. [Iperxomnam ,npocmiar’
Tor cycelia (YKOJHUKO je TI0CTOjao) TaJja duBa 0/dUjeH u MOHOBO ce Bpaha Ha crTek
active_vertices Kako OM y HapeJIHUM UTepalljaMa ITOKYIIao Jia ,,3alpocu’ CBOT
crnemeher Hajooser cycema. (OBaj mocTymak ce 3aycraBiba Kaja CTEK MOCTaHE
IIpa3aH.

Hakon 1mTo ce mporiec npormema ctaduinsyje, BpIu ce (bUHATHO TPUKYIL/bAIbE
rpaHa Koje 3aJI10BoJbaBajy ycJIoB odocrpaHor cyceiacrsa (p(v) = u A p(u) = v). Te
rpaHe ce CMeNITajy y BeKTop matching_edges, a BUXOBe TeXKUHe ce aKyMyJIupajy
y total_matching_weight. Merose IsMatched u GetPartner omoryhasajy Op3y
[IPOBEPY CTaTyca W UAEHTHMUKAIN]Y TapTHEPA 3a OUJIO KOjU YBOP Y KOHCTAHTHOM

BPEMEHY, jeTHOCTAaBHUM IIPUCTYIIOM IIPEKO WHJIEKCa BEKTOPA.
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JInctunr 4.3: Nnrepdejc kirace SuitorMatching

class SuitorMatching {

private:
dg: :Graph graph;
std::vector<dg: :VertexID> suitor;
std::vector<dg::Weight> suitor_weight;
std::vector<std::pair<dg::VertexID, dg::VertexID>> matching_edges;
dg::Weight total_matching_weight;

void rebuildMatching();

public:
SuitorMatching() : graph(true), total_matching weight(0) {3}

dg: :VertexID AddVertex();
void AddEdge(dg: :VertexID vertex_idi,
dg: :VertexID vertex_id2,
dg: :Weight weight = 1);
void RemoveEdge(dg: :VertexID vertex_idl,
dg: :VertexID vertex_id2);
void RemoveVertex(dg::VertexID vertex_id);
void UpdateEdgeWeight(dg: :VertexID vertex_idl,
dg::VertexID vertex_id2,
dg: :Weight new_weight);

const std::vector<std::pair<dg::VertexID, dg::VertexID>>&
GetMatchingEdges() const;
dg::Weight GetTotalMatchingWeight() const;
bool IsMatched(dg::VertexID vertex_id) const;
dg::VertexID GetPartner(dg::VertexID vertex_id) const;

s
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I'maBa 5

ITpuMmene nuHaMmuYKux rpadposa

KpO3 IIpuMepe

Juaamuyaku rpadoBr HaJja3e MUPOKY MPUMEHY y CUCTEMHUMA TJIe C€ TOIOJIO-
ruja Mpeke KOHTHUHYHPaHO Mema Kpo3 Bpeme. (Ca mopacTtoM MpexkHe uHppPa-
CTPYKTYype, pa3BojeM HayKe U TexHojoruje cse je Beha u morpeda 3a edukacHUM
AXKypUPAmBIMa U OJPXKABAbEM CTalba PA3IMINTHX MPEXKa y PeaTHOM BPEMEHY.

Y HapemHUM ceKIijaMa Omhe TpeJicTaB/beHe caMO HeKe OJI OPOjHUX IpUMeEHa,
JUHAMUYIKAX rpadoBa KAKO y HAyIMU TaKO U Y UHJIYCTPUjU, IITO JOJIATHO Jiaje

3Ha4Ya] OBOj TEMM.

5.1 Amnajauza APYIITBEHUX MpexKa

JemHa o TUIaBHUX Mpezka IMoJlaTaKa Cy JAPYIITBeHe Mpezke. IpyTBeHa Mmpexka
cacToju ce oJ] pejanyja u3Mehy pa3judauTUX JPYIITBEHUX eHTHTeTa. llako kao
JIDYIITBEHN €HTUTET Hajdelrlie BUIUMO OCOOe, IPYIITBEHN eHTUTETH Takohe cy m
rpyle JbyJii, OpraHu3aliije u OMJIO Koje Jpyre T'pylaluje Koje cy IoBe3aHe He-
KUM OJIHOCMMa Wjiu mHTepakijama u3mehy mux. Ilpupomano ce oBakBe Mpexke
Mozeyjy TpadoBuUMa, I'Je CYy YBOPOBH JAPYIITBEHH €HTUTETH, a T'PAHe IPeICTa-
BJ/bajy omHoce uzeMely mux [24]. JpymiTBeHe Mpeke KapaKTepwile BeJIUKH OPOj
YeCTUX MPOMEHA Ta Cy JUHAMUYKH I'padOBU HEAJIHE CTPYKTYPE 38 HUXOBO MO-
JesioBatbe [14].

Han oBakBuM rpadoBrMa MOXKEMO BPIIATH Pa3He aHAJIN3€ M UCIUTUBATH O/
HOCe Mehy eHTHTeTHMa, IPATUTU IIPOMEHE y THUM OJHOCMMA U Ha OCHOBY TOra

JIOHOCUTH 3aKJ/bydKe O JIPYIITBY M €HTHUTeTuMa y memy. Ha mpumep moxkemo
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ACIUTUBATU KOJU Cy €HTUTEeTW HajIO3HATHjH, & KOjU HajMare MO3HATH, KOJU €H-
TUTETU TI0Be3yjy pasjundure rpyme u ciandao. OBe ocoduHe JIAKO ce MpeHoce Ha
ocodmHEe YBOPOBa y rpady, PeruMo YKOJIUKO HOBE3AHOCT YBOPOBA IIPEJCTABIbA
penanujy ,JIo3Haje” U HEKa je Ta pejalfdja CUMETPUYHA, TaJa je 4Bop Hajseher
CTelleHa YjeJIHO U HajIIO3HATHjU €HTUTET Y JIPYIITBY.

JesnHo cBojcTBO crenudUYHO 3a JIPYIITBEHE MpEKe je TeHJIEHINja KPenparba
sajenuuna (eHrs. community graph). Y KoHTeKCTy rpadoBa 3ajeHUIe BUIUMO
Kao noArpadoBe y KojuMa Cy YBOPOBU I'yCTO MTOBE3aHM, & YBOPOBU U3 PA3INIATUX
noarpadoBa perko mosesann. Ha caunm 5.1 MOKeMO BUJAETH IPUMEP JAPYIINTBA Ca

JIBAHAECT HTUTETa U TPU 3ajejnure [24].

Cruka 5.1: IpymrBo ca 12 enturera un 3 3ajemnuiie
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5.2 MHWurepner u Google PageRank

PazBojem mHTepHeTa Opoj cTpaHUIA U XUIEPJIUHKOBA M3Mely HUX je pacTao
BestukoM Op3mHOM. CTpyKTypa Koja ce KOPHUCTH 3a IyBarbe U aHAJIU3Y OBUX IO~
Taka 30Be ce Bed rpad (eurs. The Web graph). Bed rpad npejcraBiba ycmepeHn
rpad YHju Cy YBOPOBU HHTEPHET CTPAHUIlE, a JABa YBOpPa % W U Cy IOBe3aHA
rpaHOM YKOJUKO CTPAHUIA U CaJIp:KHU XHUIEPJUHK Ha cTpaHuily v. Bed rpad je
orpoMaH 00jeKaT, TPEHYTHO CAJIPXKU MPEKO 3 MUJIKjap/ie YBOPOBA MOBE3AHUX CA
npeko 50 mumjapau rpana [3]. Kako ce dpoj crpanuna un xunepjanakoBu usmehy
IbUX CBAKOJIHEBHO MEmhajy, JMHAMUYIKHU I'padOBHU IPEJICTAaB/bajy MOrogaH u300p 3a

e(l)I/IKaCHO qdyBalbhe U aHaJIN3y OBUX IIOJaTaKa.

Google PageRank

PageRank je asropuram 3a aHajmn3y JITHKOBa KOjU Ce 3aCHUBA Ha KOHIIEITY
[EHTPAJTHOCTH COIICTBEHUX BeKTopa (eigenvector centrality). OBaj asropuram Ko-
puctu naTepHeTr nperpakuad (Google kako du paHrupao Bed CTpaHUIE HA OCHOBY
BpeiHOCTU uHAOPMaIdja Koje OHe HOCe, TaKO Jia ce HajBpe/IHUje CTPAHUIE IpPH-
Ka3yjy Ha caMOM BpXy pe3yiartata mnperpare. OCHOBHa mjeja aJropuTMa jecre Jia
ce mH(poOpMaIje Ha BeDy MOT'y paHIHpaTh IIpeMa IollyJapHocTu JuHkKoBa. IIITo
BHUIIIE BeD CTpaHUIIA MOKa3yje Ha ojpeheHy CTpaHWIly, TO je OHA MOIyJIAPHU]a.
MebhyTum, y 0BOM mpoliecy BpeIHOBamba HUje PejieBaHTaH caMo Opoj JimHKoBa (0J1-
HOCHO cTereH 41Bopa), Beh u 3Hauaj camux crpanuiia Koje yuyhyjy ua my. Crora
PageRank mepu penarusnu 3na4daj ckyna Bed CTpAHUIA HE CAMO HA OCHOBY KBaH-
tureTa, Beli mpe cBera Ha OCHOBY KBAJWTeTa HUXOBUX JIMHKOBA [3]. Asropuram
PageRank jeman je on HajmomymapHHjUX aJropuraMa Ha CBETY CTOTa je BPEIHO

IIOMEHYTH Ta, aJii 3a ImoTpede oBOr pajga Hehemo ra gera/bHUje ODjallbaBATH.

5.3 IIMupeme 3apa3Hux doJiecTn

Bosiectn xkao mro cy mpexmama, rpui, Beauke oormme minm SARS, mpenoce
ce BazyxoM u3Mel)y jBe ocode Koje y 3aTBOPEHOM ITPOCTOPY IIPOBEILY JOBOJHHO
BpeMeHa 3ajeiHo. 1o 3HaYM Ja MOKEMO IPETIIOCTaBUTH J1a he Behuna mHdekmja
HACTATH Ha JIOKAIMjaMa Kao IITO Cy KaHIeJapuje, TPKHU IeEHTPH, jaBHU IIPEBO3 U
cangno [26]. Behwnna cranmapiaux MaTeMaTHIKUX MOJETA 33 MIHPEHe 3apasHux

doJtecTu KopucTu JudepeHIujagne jeHadnHe 3aCHOBaHE HA IIPETIIOCTABKAMA O
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yHIMDOPMHOM Mellary WM HACYMUIHE MOJIeJie KOju OIUCY]jy mpoiiec KoaTakTa [10].
Nnak, mpahemem KpeTama JbyIM MOXKEMO F€HEPUCATA KOHTAKTHY MPEXKY, OJTHOCHO
dunaprutau rpad Gpr KOju ce cacroju o JBe BpcTe 4YBOopoBa: ocoda (P) u
noxarja (L) |26, 10].

VYkoauKo je ocoda p roceTnsia JOKAIUjy [, y OBOM OUIIAPTUTHOM I'pady IOCTOju
rpana usmehy aBopoBa p u [. YBopoBH MOTY ONTH O3HAYEHU OJIrOBapajyhuM jiemo-
rpadckuM mim reorpadcKuM MoJaMMa, JIOK ce TpaHaMa MOTY JOJIEJIUTA O3HAKe
ca BpeMEeHOM J0JIacKa U ojiracka. V3 oBakBor OumapTUTHOT rpada MPUPOIHO ce
J1001jajy JiBe POjeKIihje TTOBE3NBAIbEM CBUX IIapOBa YBOPOBA KOjU C€ Y OUITAPTHUT-
HoM rpady Hajaze Ha pacrojamy JBa. Kao pesynarar j1o0dujajy ce mBa 3acebna
rpacda: rpad ocoda Gp m rpad gokammja Gp. Y rpady ocoda Gp, rpane cy
O3HAYEeHE BPEMEHCKUM HHTEPBAJNMa TOKOM KOJUX Cy C€ 0COOe HaJIa3uje Ha UCTO]
Jokaruju. Pajm jemHocraBHOCTH, 9ecTO ce IOoCMaTpa CTATUYKa IIPOjeKITnja G P,
KoOja ce J100uja 3aHeMapUBAIbEM BPEeMEHCKHUX o3Haka [10)].

Kako ce jbynu kpehy m memajy cBoje Jiokaluje, TAKO ce U KOHTaKTHA MPeXKa
Mema. (Crora je nuHAMUYKU Tpad MOro/iHa CTPYKTYPa 38 MOJIEJIOBAIbe OBAKBUX
Mpezka. C 003upoM Ha TO Jla Ce Y OBAKBUM Mpe:KaMa IBOPOBU M I'DAHE MOTY CaAMO
JI0JIaBaTH, jep jeJIHOM OCTBAPEH KOHTAKT Yy MCTOPHUjH IPEHOCA HE MOXKE OUTU W3-
Opucan, MOXKEMO 3aKJbyIUTH /I3 je KOHTAKTHA MPEXKa NHKPEMEHTATHU JITHAMITIKI
rpad.

Y OBaKBOM CHCTEMY MOYKEMO UCKOPUCTUTHU aJTOPUTAM JIUHAMHUIKE MTOBE3AHO-
CTH Ja OMCMO IparTuian muperme nHdekmuje. Kopucrehn mpojeknujy rpada Gp
MOXKEMO IPATUTUA KaKO ce MH(MEKINja MUPU KPO3 IOIYJIAIN]y, JOK KOPUIIhemheM
npojekije G MpaTuMO yrpoXKEHOCT camuXx Jiokaruja. [Iposepy ma i je nndek-
IFja MOTEHIINjaJIHO JIOCTUIJIa oJipeheHy ocody WM JIOKAIM]y BPIIUMO jeTHOCTaB-
uuM ynutoMm IsConnected, ucnutyjyhu ja ju cy MHUIMJAJTHO 3apakKeHa 0coda u
mocMarpana ocoda mnosesane y rpady Gp. CandHy mpoBepy MOXKEMO BPIIUTH U

3a Jiokarmje y rpady Gr.

5.4 IIporemH mpoTEenH MHTEPAKIINjE

[Tporeun-niporenn unrepakiuje (Protein-Protein Interactions - PPI) nedu-
HUIITY Ce Kao JUPEKTHU U CHerupUIHN (PU3UIKU KOHTAKTH Ca MOJIEKYIapPHUM
crajamwem (molecular docking) wamebhy nporenna yuyrap henuje. 3a pasiuky o

onmTux (PyHKIMOHAJIHIX Be3a WU CIyYajHUX MOJIEKYJIapHUX cygapa, npasa PPI
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MOpa UCIyHhaBaTH Ba KJby9YHA KPUTEPHjyMa: WHTEPAaKIFja MOpa OUTH Pe3yaTaT
crienupuIHIX OHOMOJIEKYIaApHUX CUla (& He CIIy9IajHOCTH) W MOpa OUTH Pa3BUjeH
3a KOHKPETHY OHOJIOIIKY CBPXY, UMME C€ UCKJbYyUyjy T€HEPUUKU IIPOIECU IOIYT
CHHTE3€e WM Pa3rpajitbe nmporenHa (6.

HampeTrkoMm ekcriepuMeHTaTHIX TEXHIOTHja YCIIENTHO je TeHEPUCaHa BeJTUKa KO-
JIMTYWHA TO/IaTaKa O MIPOTENH-IIPOTENH WHTepaKiujama. lIporenn-niporenn naTEp-
aKIyje jeJaH Ccy OJ] HAjBayKHUjUX OMOJIONIKUX IPOIEca M MOXKE MPYXKUTU jACHU)Y
rI0daJIHY CJIMKY MexaHm3aMa u dyHKiuja heauja [29).

[Iporennckyn KOMIJIEKCH TTPEJICTABIbA]y MOJIEKYJIAapHE arperare JiBa WJIM BUITIE
nporenta noBe3aHux BuiiectpykuM PPl marepaknujama. Behuwna mporenna mo-
craje (PyHKIIMOHAHA TE€K HAKOH (hOopMUparma OBAKBUX KOMILJIEKCA, 300T dera je
IbUXOBO TPEIU3HO JETEKTOBAIHE Yy BEJIUKHM MpPeKaMa, OJ CYIITHHCKOT 3Ha4aja 3a
pasyMeBambe opranuzanyje u Qyukuuje hesmje [29].

MebyTrm, mpoTenHN W HHUXOBE WHTEPAKIINje HUCY CTATUYHU, OHU IIOCENY]Y
CBOje aKTUBHE Iepuojie yHyTap hesuje, ycies dera ce uBoposu u rpane y PPI mpe-
’KaMa KOHTUHYUPAHO 10jaBsby]jy u Hectajy. Ilomanm o ekcripecuju rera pediekTyjy
OBe JIMTHAMIYKE IIPOMEHEe KPO3 BpeMe W Y PA3JIMIUTUM ycjaoBuMa. Huso ekcripe-
CHje TeHa OIa/Jja HaKOH IIITO IPOTENH 00ABU CBOjy OMOJIOMKY (DYHKITU]Y, IIITO 3HATN
Jla je TPOTENH aKTHUBAH IMPETEXKHO y TPEHyIMMa KaJja je ojaroBapajyhu momartax
eKcrpecrje BUCOK [29].

Kako bu ce oBa BpemeHCKa JMMeH3Hja YCIIENTHO MOJIESIOBATIA, Y JIATEPATYPHU Ce
dbopmupajy munamuaku BepoarHocau PPI rpadosu (Dynamic Probabilistic PPI
Networks - DPPN) koju KOMOUHY]y TIOJIATKE O €KCIIPECHjH T'€Ha Ca TPAIUIHMOHA-
auM PPI mpexkama ociamajyhu ce Ha Teopujy arpudyruaux rpadosa [29]. O6-
pajia OBAKBUX CTPYKTYypa 3aXTeBa MPUMEHY aJIropuTaMa 3a KJIacTepOBarbe HaJl JIH-
HaMUYKUM rpadoBUMa paju yCIelrHe UAeHTU(UKAIIje IPOTEeMHCKUX KOMILIEKCa

y PeaJJHOM BpPeMeHY.

5.5 3D pekoHcTpyKIuja camka

Pekoncrpykimja TpoauMeH3nOHATHIX 00jeKaTa Ha OCHOBY CJIMKA jeJIaH je Of
OCHOBHHX IMJ/bEBA padyHapCKOr Buja (eHry. computer vision). PekoHcrpykimja
CTPYKType u3 Kperamwa (eHri. Structure from Motion - SfM) je mpodiem y pa-
YyHApPCKOM BUJIy KOjU Ce DaBU PEKOHCTPYKIIMjOM TPOJIMMEH3UOHAJHE CTPYKTYpe

CTaTUYHE CIEHE U3 CKYIla HpOjeKTI/IBHI/IX Mepema, IIpeJCTaB/beHUX Kao KOJ’IeKHHja

38



I'JIABA 5. [IPUMEHE /IMHAMHUYKUX I'PA®OBA KPO3 IIPUMEPE

JIBOJIMMEH3NOHAJHAX CJIMKA, IIyTeM IIPOIEHE KpeTarha KaMepa Koje OIroBapajy
oBuM cinkama [19].

StM ce cacroju oz Tpu riasue daze [19]:

1. ekcrpakiuja KapakTepUCTHKa y cjinKama (HIp. Tadke UHTepeca, JINHWU]e,

UTJI.) ¥ YyIApUBame OBUX KAPAKTepUCTHKa u3Mely Cimka,
2. IIpoIleHa KpeTamha KaMepe,

3. HMPEKOHCTPYKIINja TPOINMEH3NOHAHE CTPYKTYPe KOPHUIINEHeM MIPOIEHEHOT

KpeTarma U KapaKTEPUCTUKA.

Kama ce pamgu ca BemukuMm cKymoBuMa HeypeheHnx ciamka Opoj JIecKpumTopa
Ha caunu 3HadajHo pacte [22]|. Mako ce oBe dase m3BpIIABajy CEKBEHIIUjAJHO
U ocjlamajy ce Ha ojpelheHe MOXJIEITHE TEXHUKE Yy BeNUHH ciiydajeBa Cy J00UjeHn
pesyaratu BeoMma nperm3nu [19]. Camum TumM dasza ynapuparmba KapaKTEePUCTHKA
HocTaje padyHCKH cKyma omeparmja y uporecy SfM pekoncrpyximje [22].

Merosa npemioxkena y paiy [22] 3acuusa ce Ha nocrenenoj usrpajmbu rpada
yIapuBama CIuKa. ¥ MMOYeTHO] (hba3um cBakKa CINKA MPeICTAaB/beHA je jeTHUM UBO-
POM, JIOK ce rpaHe u3Melhy UBopoBa (bopMupajy camo u3Mehy maposa CIuKa 3a Koje
je yTBpheHo JIOBOJ/bHO MOY3/IaHO yIIapUBAEe KapPaKTEePUCTHIHUX Tadaka. llormro
je movyeTHH rpad mpas3aH, TpaHe ce JI0/1a)y THKPEMEHTAJIHO KAKO Ce TOKOM aHaJIn3e
IpoHasa3e HOBa [Oy3/aHa yrapusamba [22].

[Toctymak wm3rpajimbe rpada cacToju ce O TpU KOpaKa: WHUIINjAJH3AIN]e
rpada, HeroBor MOCTENEHOr MPOIUPUBaba U KOHAYHOI OjavaBaiba JI0JaBAHEM
HOBUX IOy3/IaHUX Be3a. ¥ (pa3u MHUIMjaIu3alnje I[UJb je JIa Ce CBe CJIUKE TTOBEXKY
y IITO Mamku OPOj KOMIIOHEHTH, Y3 MUHUMAaJIaH OPOj n3adpaHux rpaHa. ¥y Ty CBPXY
KOPHUCTHU ce MUHHMAJIHO pasalmibyhe ctadiio, Koje 00e30ehyje ma rpad ocramne 1o-
Be3aH Oe3 yBohema cyBHITHUX Be3a. HakoH Tora, rpad ce MOCTENeHO MPOIInpyje
JIoJlaBakeM HOBHUX rpaHa m3mely cimka Kajia ce yTBPAM Jla OHE I000JbIIaBajy
KBaJINTET U MOY3JaHOCT ymnapupama. Ha kpajy ce rpad gomaTHo ojadaBa HO-
BUM Be3aMa KaKo Ou ce Jo0mjia podyCHHja OCHOBA 3a KACHU]Y TPOIMMEH3MOHAJIHY
PEKOHCTPYKIHjy [22].

OBakBa opranmusalija aJrOpuTMa IPUPOIHO OJroBapa MOJIETY WHKPEMEHTAJI-
HOT' JIMHaAMHUYKOT Tpada, jep ce cTpyKTypa rpada He dopMupa oajeIHOM Beh ce
IIOCTECIICHO M€CIba J0JaBabeM HOBUX I'PaHa. CBaKI/IM J0JaBabeM HOBE I'DaHe ITIOCTa-
BJbA Ce IUTAaMbE J1a Jiu 1moctojehe MuHNMAJIHO pasanuibyhe cTadiio u jiajbe mpeacTa-

BJba OTIITUMAJIHO PEIeihe WX je TOTPEOHO U3BPIIUTH IHerOBO azKypHuparbe. Y MecTo

39



I'JIABA 5. [IPUMEHE /IMHAMHUYKUX I'PA®OBA KPO3 IIPUMEPE

IIOHOBHOT' M3padyHaBabha MUHUMAJJIHOT pa3anumbyher cradja Haj 1emM rpadom
HaKOH CBaK€ U3MeEHe, MO2Ke C€ IIPUMEHUTH MHKPEMEHTaJIHU aJITOpUTaM 3a IEroBoO
onpxkasare. Ha Taj Haunn ce BpeMe MOTPEOHO 3a arXKypuparbe 3HAYAJHO CMarbyje,
IITO je HaApOYUTO BayKHO KOJ BEJUKHX CKYIIOBa CJIMKa TJie OpOj MOTEHITHjaJTHIX

yrnapuBama BeoMa Op30 pacre [22].

5.6 AJgokanmuja pagHux onrepehema y

MHPPACTPYKTypH y 00JiaKy

PaaynapctBo y obnaky (eHra. cloud computing) je MOes padyHAPCKUAX pe-
cypca Koju omoryhaBa TPHUCTYII XapABEPCKUM U CO(MTBEPCKUM peCypCuMa Kao
YCJIYy3U IPEKO MHTEepHeTa. ¥ OBOM MOJIely KOPUCHUIIA MOTY Jia KOPHUCTEe pecypce
110 I0Tpedu, de3 MmoTpede 3a MoCeIOBAEM U OJIpPKaBambeM (PU3ndIke HHPPACTPYK-
Type. Pa3Boj pauynapcrsa y 00J1aky JIOBEO je J0 T0jaBe HOBUX MOJIeJIa TOTPOIIIHE
pecypca, Kao u JI0 au3ajHa miardopMu 3a Jebeibe pecypca. Lumb oBux rrar-
dopmu je edpuracHo Jesbeibe PpU3NIKNX pecypca namehy Beher dOpoja KOPHUCHHKA
U BUXOBUX pajiHux onrepehema. EdwukacHa aJsiokanumja padyHapCKUX pecypca
paganM onrepehemuma (eHrit. workload) je o CymITHHCKOD 3Ha4Yaja KaKO 3a KO-
PHCHUKE TaKO U 3a [poBajiepe oBux yciayra [20].

JestaH 01 OCHOBHUX IpOOJIEMa aJIoKallje pecypca y HPPaCTPYKTYPH Y 00JIaKy
jecre u3bop omrosapajyhe dbusnuke mamune (enrst. physical machine - PM) 3a
cMennTame BupryeiaHe mammpe (eHri. virtual machine - VM). OBaj mpodsem
MO3HAT je Kao MpodJieM MocTaB/batha BUPTyeTHuX Mamuaa (enrit. Virtual Machine
Placement - VMP) [21].

[Ipobisiem mocTaB/bama BUPTYEJHUX MalllnHa MpejicraB/ba NP-Texkak mpodsiem
KOMOMHATOpHE ONTUMHU3aIMje, jep je moTpedHo mpoHahm pacmopes BUPTYETHUX
MalllnHa Ha (PU3NYKe MallliHe KOjU ONTHUMU3Yje jeJIaH WU BUIe KPUTEPUjyMa,
Kao IITO Cy HMCKOpHUINNehe pecypca, HMOTPOIIkha eHepruje, omnrepeheme cucreMa
WM WCIYHaBalbe yropopa o Kpajmrery yciyre (enri. Service Level Agreement
- SLA). 36or Benukor opoja moryhux pacnopebhusama, y mpakcu ce Hajuerhe
KOPHCTE XEYPUCTUUKH U allPOKCUMAITMOHY aJITOPUTMU KOju OMOryhaBajy pooujarme
KBAJUTETHUX DEIlerha y MPUXBAT/HUBOM BpemeHy [20)].

Jenan oy HauMHA MOJIEI0Baa OBOT IIPOdJIEeMa jecTe yrnoTpeda TeXKUHCKOT Ou-
mapTuTHOr rpada, y KojeM je/laH CKYIl IBOPOBa IPEICTaB/ba BUPTYEJIHE MAIUHE

WK paJiHe 33/1aTKe, JTOK JIPYTHU CKYII IPeJICTaB/ba (PU3NIKe MaIllnHe U JOCTYITHE
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pauyHapcke pecypce. ['pane uamely Ba cKyIa 9BOpOBa IPeJICTaB/bajy Moryhe J10-
Jieie, JIOK TeXKUHE TpaHa OMUCYjy MoroaHocT ojapehene momene. Bpemgnoct Texxunne
MOYKe 3aBHUCHTHU O] PA3JIUYUTUX IapaMeTapa, Kao IITO CYy PACIOJIOXKUBH IIPOIe-
COPCKM M MEMOPWjCKU PECYypPCH, eHepreTcKa epUKACHOCT, MPEXKHO KalllIbemhe, Tpe-
HYTHO onTepeheme cucremMa win 3aXTeBH JIePUHUCAHA YTOBOPUMAa O HUBOY yCJayTe
(SLA). Hwp je mponahu ckyn mojesa Koju MakCHUMu3yje YKYIHY BPEJIHOCT JO-
JleJia, y3 OrpaHUYerhe€ J1a CBaKU PaJHU 3aJaTak Oyje JOoJe/beH O/roBapajyhem
pecypcy [16].

OBako meduHICAH TTPOOIEM MOXKE ce (DOPMYINCATH KAa0 IPOOJIEM MaKCHMAJTHOT
TEXKUHCKOI ylapuBama y ounaptutHom rpady. Mehyrum, y peasnum okpyKe-
IbUMa y 00JlaKy rpad HHUje cTaTu4daH, Beh ce HepPeKWIHO Mema YCJIell JI0JIacKa
HOBUX DAaJHUX onrepeherma, 3aBpIiieTka mnocrojehmx 3agaraka, mMpoMeHe JOCTYII-
HUX pecypca WjIu u3MeHe 3axTeBa KopucHuka. OBe mpomMene J0BOJIE JI0 TUHAMUYIKE
M3MeHe TeXKUHa IpaHa, Kao U caMe CTPYKType rpada.

KﬂaCI/IqHI/I AJITOPUTMH 38 MaKCHMaJIHO TE€2KHMHCKO YIIapHUBalbe O6I/IqHO 3aXTe-
Bajy IMOHOBHO M3pAdyHaBaIbe IEJIOKYIIHOI PEIierhba HAKOH CBake m3MeHe y rpady,
IIITO MOXKE OUTH HEIIPAKTUYIHO Y BEJIUKAM U JUHAMUIHUM CHCTEMIMAa padyHapCTBa
y 00saKky. 300r Tora Cy IOrOJHM aJrOPUTMHU KOoju oMoryhaBajy Op30 axKypuparme
pelema y3 04yBambe BIUCOKOI KBAJIUTETA yliapuBama. lIpeacraBibena JuHaMudkKa
BapHUjaHTa aJTOPUTMa MAKCHMAJIHOI TE€XKHHCKOT ylapuBarma oMoryhmia ou edu-
KacHo mpaheme npomena y rpady u Op30 npusiarohaBarbe HOBUM YCJIOBHUMA, Y

CUCTEMY.

5.7 YmnapuBame IIyTHUKA U BO3WJIA y

HJIaT(bOpMaMa 3a JdeJbeibe IIpeBOo3a

YV caBpeMeHHM CHCTEMUMa 33 OpraHU3allhjy MpeBo3a U IuiardopMama 3a Je-
Jbetbe BOXKIbe (eHrl. ride-sharing systems), momyt Uber-a maun CarGo-a, jeman
0JT NEHTPAJHUX OIEPATUBHUX M3a30Ba jecTe e(UKACHO CIAjalbe BO3aYa U KOPH-
canka ycayra [7]. Kako du ce mocrurse Bucoke nepdopMaHce U KBAJIUTET YCIyTe,
oriepaTep, KOju MOKe OUTH 0coda, aju cBe derrhie cOPTBEPCKU CHCTEM, MOPA JI0-
HOCHUTH OJIJTyKe O yIlapuBamby Oc/amajyhiu ce Ha TJIODAHU TIPEryie]] CUCTEMa KOju
y PeaslHOM BpeMeHy oDyXBaTa CBe aKTHBHE Bo3ade W KOpHCHUKe [25].

Y IMHAMUYKAM CHCTEMEUMA 3 JIeJhehe BOXKIbe, Iy THUIN KOHTHHYUPAHO MPH-

CTHKY U TIPY2Kajy WHAOpMAaIdje O JIOKAIUjU U YKeJHeHOM BPEMeHy I0JIacKa ca
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[IJbEM JIa JI00Uje MPeBo3 Mo TparkeHuM Kpurepujymuma [25|. IIpu Tome, peasne

3aXTeBE OJIJINKY]je BEJIMKA, JTUHAMUIHOCT:

o [Ipomennusocti untienduiieo 3axwesa: CrenudUIHOCT OBUX CHCTEMA
orjieJila ce y TOMe IITO Ce CTOIMa IPUCTU3amha 3aXTeBa JIPAMATHIHO Merbha

TOKOM JlaHa (HIIp. pasjiiKa y WHTEH3UTeTy TOKOM IIIHIA U TOKOM Hohn) [7].

o 3ariiesu Y peanHom 6pemeHy: 3a PA3IUKY OJ TPAJAUIUOHAHOT JIeJheFha
npeBosa (carpooling) rie cy 3aXTeBH MMO3HATU YHAIIPEJ|, KOJ| CepBUCA Ha 3a-
XTeB MOTPaKiha HaCTaje HEIOCPETHO Mpe BOXKE, MTO 3aXTeBa TPEHYTHO U

JIMHAMUYIKO JIOHOIIIEH€e OJITyKa O ynapupamy [8].

o Obdnoswusoctti pecypca: Hakon mITo 3aBpIu mpeBo3 jeHOT KOPUCHUKA, BO-
3a4d ce Bpaha y cucreMm Kao CJIODOIAH PECypc U MOYKe OUTU TIOHOBO yIapeH

ca HOBHM 3aXTeBOM [7].

3a permraBambe MpodieMa yIapuBamba KOPUCTH Ce TMUPOK CIIeKTap METO/a, YKJbY-
qyjyhu xeypuctuke, KOMOMHATOPHY ONTUMHU3AIIN]Y, MAITUHCKO yI€HHE U AJITOPUTME
sacHoBane Ha Teopuju rpadosa [8]. Ko rpadosckux momena, mpodiaem ce dbop-
MYJIUIIE MPEKO OAroBapajynnx CTpyKTypa Tje YBOPOBH IIPEJICTAB/bAjy AKTHBHE
BO3a4e U IMyTHUKE, JIOK Ce TeXXUHA rpana m3Mmely mux jedunuiie Ha OCHOBY pa-
3JIMYUTUX MapaMeTapa Kao IITO CY y/Ia/beHOCT, BDEMEHCKO IOKJIallame, oJadpana
BPCTa yCIyTe WU ayTOMOOWIA U CJAUIHO.

Nako ce mpobyieM ymapuBarma MOXKe YCIIEITHO pellaBaTi KOpUIhemheM KoOMep-
[UjaJHUX ONTUMH3AIMOHAX AJIAaTa WU CHEelNUjaJu30BaHuX ajaropurama [25|, Bu-
COKa JIMHAMUKA ITPUCTU3aiha KOPUCHUKA 3aXT€Ba, MPUMEHY CTPYKTYpa U ajropu-
TaMa HaJd JWMHaAMNWIYKNIM I‘paCbOBI/IMa. KaKO Ce€ CKYIl aKTHUBHUX BO3aYa U 3aXTEBa
HEIPEKWTHO MEHha, IPUMEHa IMHAMUIKUAX ajJropuramMa oMmoryhasa TpeHyTHO axKy-
pupame peliemha 1 MUHIMI3AI]y BpeMeHa deKarba Iy THUKa 0e3 moTpede 3a KOM-
IUIETHUM Pa4dYyHabEM yIIapUBaiba U3 IIOYETKA.

Amnajiorso npodsiemy ajiokalije pecypca y nHQPaACTPYKTYPH y ODJIaKy, U IPO-
Os1eM ynapuBamba y miardopMaMa 3a JIeJbehe IPeBo3a MOXKe Ce IIPUPOJIHO (hOPMY-
JINCATHU KAO TTPOOJIEM MAKCUMAJTHOT TEXKUHCKOT YIIAPUBAha Y JIUHAMUYIKOM OUIAP-
TUTHOM Tpady. Y 0OBOM KOHTEKCTY, jeJIaH CKYI YBOPOBA IPEJCTAB/ba TPEHYTHO
aKTHUBHE BO3ade, JIOK JPYTHU CKYyIl YMHE KOPUCHUIM KOJU 3aXTeBajy NPEBO3, HMPHU
qeMy TeKuHe TpaHa pedJIeKTyjy MmapaMmeTpe IMOIMyT BPpEMeHa UYeKarba, y/Ia/beHO-

CTH, TIPOIEIbEHE JIy?KUHE BOXKIbe U OdeKuBaHe mpoduraduianoctu. Kako Bozadn
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HEIIPEKNTHO 3aBPIIaBajy BOKHe U IIOCTAjy IMOHOBO JOCTYIIHH, & KOPUCHUIIA KOH-
TUHYUPAHO II0/ITHOCE HOBE 3aXTeBe y PA3JIUUYUTUM BPEMEHCKUM IIPO30pUMa, CTPYK-
Typa oBOT rpada 1 TeXKUHE HErOBUX I'PAHA MOJIJIOKHE Cy YIECTAJNM JUHAMATKIM
mpoMeHaMa. 3aTo IMPUMEHa TPAJIUITUOHATHUX, CTATHIKUX AJITOPUTAMAa 38 yIAPH-
Bambe JOBO/M JI0 3HAYUAJHUX PAdyHAPCKUX KAlllbEeiha, JTOK KOpUIheme epruKacHIX
JUHAMUYIKUAX aJITOpUTaMa oMoryhasa Op30, HHKPEMEHTAJHO aXKypUpPatbe pellermha

U JIOHOIIEH-E OJIJIyKa O yIIapuBalby Y PEaJHOM BpEMEHY.
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3aKJby4vaK

Y oBoMm macTep pajly pazMaTrpaHa je podjieMaTuka epukacHe odpajie U yipa-
BJbarba JUHAMHYKUM T'pacdOBUMa, KOJU IMPEICTaBIbajy KJ/BYYHU MATEMATUYKH U
pPadyHAPCKHA MOJIEN 38 Pepe3eHTAINjy CaBPEMEeHUX KOMILJIEKCHUX CHUCTEMa CKJIO-
HUX IIPOMEHaMa TOKOM BpeMeHa. TpajuiinoHaTHU IPUCTYIIU, KOjU Ce OC/Iambajy Ha
aHAJIN3aTOPE CTATUYKHNX rpadoBa WX IIEPHOINYHO TOHOBHO U3padyHABAE CBUX
CBOjCTaBa CHUCTEMa, MMOKa3y]y 030M/bHA OrpAaHUYEHHa y IOTJIEy BPEMEHCKE U IIPO-
CTOpHE CJIOYKEHOCTHU KaJla Ce IMPUMEHE Ha OKPYKEIha Ca BUCOKOM (DPEKBEHIIHjOM
AXKYpUPAbA.

Kpos neraspry anammsy mocrojehmx MMILIEMEHTAIIMOHUX MOJesa U3 JUTepa-
Type, V pajy je mCTakHyTa MOTpeda 3a CTPYKTYPOM IOJaTaka KOja OalaHCHUpa
n3mely Opaune cTpykTypHUX MojuduKanuja u e(UKACHOCTA AHAJIUTUIKAX ITPO-
Jla3a KpO3 CyCeJICTBA IBOpOBa. TeKuITe paja CTaB/bEHO je HAa CTPYKTYPY Xelll-
UHJIEKCUpaHuX OJIoKoBa cyceqactBa. DHB cTrpykTypa Kpo3 KOMOMHAIN]Yy CEKBEH-
[IIjaJTHOT CMEITambha Cyce/la Y KOHTUHYAJIHE OJIOKOBE M XEII-MH/IEKCA Ca OTBOPEHUM
aJ[PeCUPAILEM YCIIEITHO CHaja J00pe 0CoOuHe HU30Ba (KOHCTAHTAH MHJEKCHU [IPH-
CTYyI, MPOCTOPHA JIOKAJHOCT, edbUKacHa uTepaluja) u xer-tadena (dpsa mposepa
nocrojama rpase u upomena texxune y O(1) Bpemeny).

['maBHM MCTpakKWBaYKM U MPAKTUYHUA JOIMPUHOC OBOT PaJia Orjea ce y pe-
ammsanuju C+-+ doudimoreke 3acuoBane Ha DHB cTpykTypm m meHo] ycmenHoj
aJanTaInju 3a perasame QyHIaMEHTAJTHUX IPpadOBCKUX MPOOIeMa Y JIMHAMUAY-

KM yCJIOBUMa.:

o nxpementiarna guramuvra tosesanocti: Marerpanujom DHB cTpykType
ca TOMONHOM CTPYKTYPOM JIUCjYHKTHUX TOJICKYIIOBa oMoryheno je mpaheme

KOMIIOHEHTH IIOBE3aHOCTU U OJAI'OBapaib€ Ha YIIUTE O IIOBE3aHOCTU YBOPOBa Yy
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aMOPTHU30BAHOM I'OTOBO KOHCTAHTHOM BpEMEHY, y3 3aJip:KaBaibe epUKaCHUX

MHKPEMEHTAJIHUX U3MECHA.

o Jlunamuuro murumanito padatureyhe cabno: Wcekopumihena je dekcu-
ounmnoctr DHB crpykType y oip:KaBamby IPOU3BO/GHOI U COPTUPAHOT IIO-
petka cycena. llpumMenoMm MHWH-XUIIa HAJ[ YHAIIPE[ COPTUPAHUM OJIOKOBUMAa,
CyCeJICTBa eJIMMUHICAHA je TTOTpeda 3a CKYIUM TJIOOAJTHIM COPTUPAIHLEM CBUX
rpana rpada, YuMe je MOCTUTHYTa 3HAYAJHO 00/hba ACUMIITOTCKA e(PUKACHOCT
o/IprKaBama MUHUMAJIHE pasalnibyhe IIyMe HAKOH CBaKe MPOMEHe TeyKUHA

UJIN CTPYKTYPE.

o JIunamuuko maKcumaino wedrcurcko yuapusarve: IIpnkasaHo je Kako oip-
JKaBame onaJiajyher moperka TekuHa y OJIOKOBUMA CyCeJCTBa JUPEKTHO T10-
rojyje moxJiemHuM ajroputMmuMa anpokcumarimje. DHB omoryhasa joxsa-
Talbe I'paHe ca HajBehOM TEXKMWHOM y KOHCTAHTHO] BPEMEHCKO] CJIOYKEHOCTH
IIPEKO UTEPATOpPa 3a KpeTalbe yHa3a/l, IIITO oMoryhaBa Op3y eBaJIyalujy mo-
Hyna y Cyurop asropurmy u eUKACHO OfprKaBarbe 1/2-MaKCHMAJIHOT Te-

2KHUHCKOT' yIIapHuBalba.

Nako paszmarpanu aJrOpUTMU HUCY HUMILIEMEHTUPAHU MOTIYHO JIUHAMUYKH,
Beh ce oxpehena komuamHa nHMOpPMalja U3padyHaBa U3HOBaA, MPUMapPHU (HOKYC
omo je na gemounctparuju ocoonna DHB cTtpykType y norseny edbukacHOCTH U MO-
ryhHOCTH mpmiarohaBarma JUHAMUYKUM ITpOMeHaMa. BaxKHo je HArJIacUTHU J1a ce
DHB crpykTypa HE MOYXKe KOPUCTUTH KAO ITOTIIYHO CAMOCTAJIHO PEIEhe 38 CBE JIH-
HaMUYKe aJrOPUTMe, HUTH caMa 110 CedN MOKPUBa CBe (PYHKIMje HEOIIXOIHE 3a Pa-
3JIMYUTE TIPUMEHE. ¥ MEeCTO TOra, OHa CJIYKU KA0 U3y3eTHO e(DUKACHO CKJIAIUIITE
OCHOBHHUX TI'DaJIUBHUX ejieMeHara rpada. Twume je nokazano ma DHB crpykrypa
IIPEJICTaB/ba COJUJIHY OCHOBY 3a Pa3BOj MOTIYHO JMHAMHYKUX aJrOpuTaMa KOju
Oom omoryhmmm ofip:kaBarke CBOojcTaBa rpada y MPHUCYTCTBY U MHKPEMEHTAJTHUX U
JIEKPEMEHTAJTHUX OIepaIinja.

[Tope 1 Teopujcke M MMIIJIEMEHTAITIOHE aHAJM3e, Y PAIY je KpO3 pelpe3eHTa-
TUBHE IIpUMeEpe TOKA3aHO JIa JUHAMUYKH rpadOBU HUCY CaMO aIllCTPAKTHU KOH-
nent, Beh s1a mocroju peasina u cBe Beha moTpeda 3a HUXOBOM IIPUMEHOM, KAKO Y
HAayYIHUM TAKO U Y UHJIYCTPHUjCKUM OKPYIKEIbUMA.

Kao rimaBam npasiu Oyayher ncrpakuBarma U HQJITPAJIEbE€ OBOT PaJIa HCTUIY CE
npomwupee DHB cTpykType pajm moapinke 3a MOTIYHO JUHAMHYKE aJTOPUTME

ca eUKACHUM aKypHUparmuMa, Kao U UMILJIEMEHTAInja HAIPEIHUX TapasIeTHuX
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U JUCTPUOYUPAHUX BapHjaHTH OBe CTPYKType. Takobhe, 3Hadajan pokyc Oymry-
her pajia Moxke OUTH Ha J1a/b0j ONTUMHU3AINJH YIIPAB/HAha MEMOPHjOM ITPUIUKOM
YeCTUX Ollepaliija peasioKaliije U MOHOBHOI Xelupama, IIPUMEHU OBOI' MOJIeJIa y
JIMTHAMUYIKOM MAIIMHCKOM yd4ewy Haj rpadosuma (eurs. Dynamic Graph Neural
Networks), kao u y pa3sojy rpadoBCKuX 0a3a MOJATaka ca BUCOKOM (DPEKBEH-
[IjOM WU3MeHa TJie JUHAMHUYKE CTPYKType HUIPajy KJbyUHY VJIOTy y edUKACHOM

ViipaB/baiby U aHaJIU3U I10/JaTaKa.

46



bubdauorpaduja

1]

2]

3]

4]

[5]

(6]

17l

Eugenio Angriman, Michat Boron, and Henning Meyerhenke. A Batch-
dynamic Suitor Algorithm for Approximating Maximum Weighted Matching.
ACM J. Exp. Algorithmics, 27:1.6:1-1.6:41, July 2022.

Claudio D. T. Barros, Matheus R. F. Mendonga, Alex B. Vieira, and Artur
Ziviani. A survey on embedding dynamic graphs. ACM Comput. Surv., 55(1),
November 2021.

P. Boldi and S. Vigna. The webgraph framework I: Compression techniques.
In Proceedings of the 13th International Conference on World Wide Web,
WWW ’04, pages 595-602, New York, NY, USA, May 2004. Association for
Computing Machinery.

Zi Chen, Keke Liang, Long Yuan, Wenjie Zhang, and Zhengyi Yang. Recent
advances in efficient dynamic graph processing. Applied Sciences, 15(11),
2025.

Thomas H. Cormen, editor. Introduction to Algorithms. MIT Press,
Cambridge, Mass., 3. ed edition, 2009.

Javier De Las Rivas and Celia Fontanillo. Protein—Protein Interactions
Essentials: Key Concepts to Building and Analyzing Interactome Networks.
PLoS Computational Biology, 6(6):¢1000807, June 2010.

John P. Dickerson, Karthik A. Sankararaman, Aravind Srinivasan, and
Pan Xu. Allocation Problems in Ride-sharing Platforms: Online Matching
with Offline Reusable Resources. ACM Transactions on FEconomics and
Computation, 9(3):1-17, September 2021.

47



BUBJ/INOI'PADUJA

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

Xin Dong, Jose Ventura, and Vikash Gayah. Comparing the Performance of
Collaborative and Competitive Market of Ride-Sharing System: A Dynamic
Graph-Based Method, 2024.

David Ediger, Rob McColl, Jason Riedy, and David A Bader. Stinger: High
performance data structure for streaming graphs. In 2012 IEEE Conference

on High Performance Extreme Computing, pages 1-5. IEEE, 2012.

Stephen Eubank, Hasan Guclu, V. S. Anil Kumar, Madhav V. Marathe,
Aravind Srinivasan, Zoltdn Toroczkai, and Nan Wang. Modelling disease
outbreaks in realistic urban social networks. Nature, 429(6988):180-184, May
2004.

F. Harary and G. Gupta. Dynamic graph models. Mathematical and
Computer Modelling, 25(7):79-87, 1997.

Jacob Holm, Kristian de Lichtenberg, and Mikkel Thorup. Poly-logarithmic
deterministic fully-dynamic algorithms for connectivity, minimum spanning
tree, 2-edge, and biconnectivity. J. ACM, 48(4):723-760, July 2001.

Abdullah Al Ragibul Islam and Dong Dai. Dgap: Efficient dynamic graph

analysis on persistent memory, 2024.

Ms. Navjot Kaur. Applications of dynamic graph algorithms in real-time
traffic and network optimization 2025. Lex localis - Journal of Local Self-
Government, 23(S4):3073-3087, Aug. 2025.

Joseph B. Kruskal. On the Shortest Spanning Subtree of a Graph and the
Traveling Salesman Problem. Proceedings of the American Mathematical
Society, 7(1):48-50, 1956.

Komuravelly Sudheer Kumar and Bhavana Jamalpur. Bipartite Graph-Based
Resource Allocation in Multi-Tenant Cloud Environments. In 2025 IEEE
International Conference on Advanced Computing Technologies (ICACT),
pages 208-212, Tirupati, India, September 2025. IEEE.

Andrew McGregor. Graph stream algorithms: a survey. SIGMOD Rec.,
43(1):9-20, May 2014.

S. Muthukrishnan. Data Streams: Algorithms and Applications. Foundations

and trends in theoretical computer science. Now Publishers, 2005.

48



BUBJ/INOI'PADUJA

[19]

20]

21]

22]

23]

[24]

[25]

[26]

27]

Onur Ozyesil, Vladislav Voroninski, Ronen Basri, and Amit Singer. A Survey
of Structure from Motion, May 2017.

Sebastian Perez-Salazar, Ishai Menache, Mohit Singh, and Alejandro Toriello.
Dynamic Resource Allocation in the Cloud with Near-Optimal Efficiency.
Operations Research, 70(4):2517-2537, July 2022.

Fabio Lopez Pires and Benjamin Baran. A Virtual Machine Placement
Taxonomy. In 2015 15th IEEE/ACM International Symposium on Cluster,
Cloud and Grid Computing, pages 159-168, Shenzhen, China, May 2015.
IEEE.

Tianwei Shen, Siyu Zhu, Tian Fang, Runze Zhang, and Long Quan. Graph-
Based Consistent Matching for Structure-from-Motion. In Bastian Leibe, Jiri
Matas, Nicu Sebe, and Max Welling, editors, Computer Vision — ECCV 2016,
volume 9907, pages 139-155. Springer International Publishing, Cham, 2016.

Zoran Stanié¢. Diskretne strukture 2 — osnovi kombinatorike, teorije brojeva i

teorije grafova. Matematicki fakultet, Beograd, 2 edition, 2020.

Shazia Tabassum, Fabiola S. F. Pereira, Sofia Fernandes, and Joao Gama.
Social network analysis: An overview. WIRFEs Data Mining and Knowledge
Discovery, 8(5):e1256, 2018.

Amirmahdi Tafreshian and Neda Masoud. Trip-based graph partitioning
in dynamic ridesharing. Transportation Research Part C: Emerging
Technologies, 114:532-553, May 2020.

Z. Toroczkai and H. Guclu. Proximity Networks and Epidemics. Physica A:
Statistical Mechanics and its Applications, 378(1):68-75, May 2007.

Alexander van der Grinten, Maria Predari, and Florian Willich. A Fast Data
Structure for Dynamic Graphs Based on Hash-Indexed Adjacency Blocks. In
Christian Schulz and Bora Ucar, editors, 20th International Symposium on
Ezperimental Algorithms (SEA 2022), volume 233 of Leibniz International
Proceedings in Informatics (LIPlcs), pages 11:1-11:18, Dagstuhl, Germany,
2022. Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik.

49



BUBJ/INOI'PADUJA

[28] Brian Wheatman and Helen Xu. Packed compressed sparse row: A dynamic
graph representation. In 2018 IFEE High Performance extreme Computing
Conference (HPEC), pages 1-7. IEEE, 2018.

[29] Yijia Zhang, Hongfei Lin, Zhihao Yang, and Jian Wang. Construction
of dynamic probabilistic protein interaction networks for protein complex
identification. BMC' Bioinformatics, 17(1):186, April 2016.

20



Bbuorpaduja ayropa

Mapko JlazapeBuh poben je 4. ampwmia 2002. romune y Poun, Bocua u
Xeprerosuna. Cpeamwy Texauuky mikosy y Hauky 3aspiuo je 2021. rogune, Kaja
yrucyje Maremaruuku dpakynarer Yuusep3urera y Beorpagay. OcHoBHeE akajieMcKe
crynuje Ha Moysry Mndopmaruka 3aspirasa 2025. TojirHe ca ITPOCEYHOM OIIEHOM
9,35, HaKOH 4era Ha UCTOM (DAKYJITETy YIHCYje U MacTep CTyIAuje Ha UCTOMMEHOM
MOJTYJTy. ¥ Tepuoiy o jysia j1o okroopa 2025. rogune 00aB/bao je CTPYUHY IIPAKCY
y kommauuju Nutanix y Beorpasy. Omx nHoBemOpa 2025. rojute 3aI10C/I€EH je y UCTO]
KOMIIAHUjU Ha MO3UIHjU COPTBEPCKOT MHKEHEpa, IJie ce DaBU pa3BojeM codpTBepa
1 CaBpeMEHUM I[I/ICTpI/I6yI/Ipa.HI/IM cucreMmuMa.



	Увод
	Статички и динамички графови
	Граф
	Динамички граф
	Математички модел динамичких графова
	Динамички графови у моделу тока података

	Имплементациони модел и структура
	Ограничења формалног модела и поједностављен модел
	Постојећи поједностављени модели
	DHB структура
	Операције и сложености

	Алгоритми
	Динамичка повезаност
	Динамичко минимално разапињуће стабло
	Динамичко максимално тежинско упаривање - Суитор алгоритам

	Примене динамичких графова кроз примере
	Анализа друштвених мрежа
	Интернет и Google PageRank
	Ширење заразних болести
	Протеин протеин интеракције
	3D реконструкција слика
	Алокација радних оптерећења у инфраструктури у облаку
	Упаривање путника и возила у платформама за дељење превоза

	Закључак
	Библиографија

